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When one faces up to the problem of constructing Lebesgue measure in the
euclidean space R”, it is usual to turn to general Caratheodory’s procedure
which provides a positive measure from a given outer measure ([1], [3]). This
approach is useful in courses when some other measures are going to be studied,
but if the goal of the course is just to study Lebesgue integration of functions of
one or several real variables, it would be convenient to use a different method
which is less abstract.

In this work we present an alternative approach based upon the idea of
extending the volume of n-dimensional intervals to wider classes of subsets of
R"™. The first task is to show that if a set can be paved with a sequence of
pairwise disjoint intervals then the sum of the volumes of these intervals does
depends only on that set. This is done by expressing the volume of a kind of
intervals with integers or rational endpoints as cardinals of lattice points.

As open sets can be paved by such sequences of intervals, the volume can be
extended in a natural way to the class of open sets. Then the measure of a given
set is computed by excess, by considering open sets which contain it, which leads
to Lebesgue outer measure. This set function is not countably additive, but just
subadditive.

Regarding the fact that Lebesgue outer measure is additive on the class
of closed sets, we arrive to the definition of Lebesgue measurable set: a set
A is said to be Lebesgue measurable when a closed subset F' and an open
supersets G can be found with G \ F of arbitrarily small measure. With this
definition the structure theorem for Lebesgue measurable sets is plain, as well
as the countably additivity of Lebesgue measure and the fact that the class of
Lebesgue measurable sets is a o-algebra are not too difficult to obtain.

1 Intervals and volume

An interval I of R™ or n-dimensional interval is the cartesian product of n
bounded intervals J; of R, that is, I = J; X --- X J,. In this way, 1-dimensional
intervals are just bounded intervals of the real line R, 2-dimensional intervals
are plane rectangles with sides parales to the coordinate axis, ...



If we denote by a; the left-hand endpoint of the interval J; and by b; the right-

hand one, we refer to a = (a1,...,a,) and b = (by,...,b,) as the endpoints of
I. Tt is clear by definition that a; < b; for every 3.
Conversely, given a = (ay,...,a,) and b = (by,...,b,) in R™ satisfying

a; < b; for every i, there are several n-dimensional intervals having a and b
as its endpoints: in order to define each J; there are 4 possible choices of the
inequalities < or <, which led at least to two of such intervals; in fact, if a; < b;
for every i, there are 4™ such intervals! If we always choose the inequality <,
that is J; = (a4, b;), we obtain that I is the open n-dimensional interval with
endpoints a and b. If we always choose the inequality <, that is J; = [a;, b;],
then I will be the closed n-dimensional interval with endpoints a and b. Any
open interval is always an open set and any closed interval is a closed bounded
set, thus a compact set because of the Heine-Borel theorem.

Let us notice that the empty set can be obtained as an open interval with
endpoints a and b having equal at least one coordinate. This is a particular case
of a degenerated interval: I is a degenerated n-dimensional interval if a; = b;
for some i. Thus degenerated intervals are contained in affine subspaces of a
lower dimension and they will have n-dimensional volume zero.

Now we define the volume of an n-dimensional interval in a natural way', so
that if n = 1 the volume will be the lenght, if n = 2 the volume will be the area
= large x width, and if n = 3, the volume will be the usual volume = large x
width x height.

Definition 1.1. Let I = J; x --- X J,, be an n-dimensional interval with end-
points a = (ay,...,a,) and b = (by,...,b,). The volume of T is defined as the
product of the lenghts of the intervals J;, that is,

vol(I) = (b1 — a1) ... (bn — an).

Let us observe that the volume of any interval I is nonnegative, being a; < b;
for every i, and that I is degenerated if and only if vol(I) = 0.

We introduce the following notation?: for a set A C R™, the characteristic
function of A is defined by xa(z) =1if x € A and xa(z) =0if x ¢ A.

We focus now our attention on a particular kind of n-dimensional inter-
vals whose volumes can be computed in a very nice way. We assume that
the coordinates of the endpoints a and b of I are integer numbers, that is,
a;,b; € 7 for every i. We also assume that [ is not degenerated and that
I = [a1,b1) X --+ X [an,by). We shall say in short that I is an integer n-
dimensional interval. Let us notice that b, — a; = ZciGZ X, (¢;) for each i.
Therefore we have

vol(T) = > " xs (1) -+ D> xaulen) = D X ler) X, (en) = D xa(c),

Cc1EZ cn €L cezn cezn

11t could be convenient to comment to the students that the definition is necessary if it is
assumed that the volume of the unit interval [0,1)™ is 1 and that the volume is additive and
invariant under translations.

2We can avoid the use of characteristic functions, using instead some facts on the cardi-
nalities of finite sets: cardinality of a cartesian product, of finite unions, ...



Figure 1: Volume of an integer 2-dimensional interval

that is, vol(I) equals the number of vectors with integers coordinates which lay
inside I (see figure 1).

Now we consider non-degenerated intervals I = [a1,b;) X - -+ X [an, b, ) whose
endpoints a and b have rational coordinates. These intervals will be called
rational n-dimensional intervals.

To compute the volume of rational intervals, let us see first how the volume
changes under an homothetic transformation of ratio @ > 0. Let I be an n-
dimensional interval with endpoints a and b. Then the homothetic set al =
{ax : x € I} is also an interval; its endpoints are aa and ab. Therefore we
obtain

vol(al) = a"vol(I),
where the exponent n in the former formula is the dimension of the euclidean
space we are>.

It follows that, for a rational interval I and a positive integer ¢ multiple
of the denominator of every coordinate of the endpoints of I, so that ¢[ is an
integer interval,

1
vol(I) = o Z Xq1(c).
cezZ™

We prove now a fundamental inequality on sums of volumes of intervals.
We recall that a family of sets is said to be pairwise disjoint whenever any two
different sets in the family are disjoint.

Lemma 1.2. Let {I,...,1,} and {Hi,...,Hp} be two finite families of ra-
tional n-dimensional intervals. Assume that the family {I,...,I,} is pairwise

3Some draws can help the student to understand why the dimension appears in this formula.



disjoint and that Iy U ---UI,, C Hy U---UH,. Then,

m

> vol(I,) < vol(H;).

k=1 i=1

Proof. Let ¢ be such that that gI; and ¢H; are integer intervals. Let [* =
Ur_; I and H* = J}_, H;. We have

Zvol([k) = € ZVOl (qly) = Z Z XqIx(C Z Xqr-(c
k=1

" k=1ceZ" cezZm

p
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To extend the property stablished in Lemma 1.2 to arbitrary intervals we
need the next approximation result:

Lemma 1.3. Let I be an n-dimensional interval. Let € > 0. Then there exist
a rational interval H whose interior contains I and vol(H) — vol(I) < e. If
moreover I is non degenerated then there exists also another rational interval J
such that the closure of J is contained in I and vol(I) — vol(J) < e.

Proof. Let a and b the endpoints of the interval I. For § > 0 we define the
interval L = ], (a; — 8,b; + 6). It is clear that vol(L) = [[;_,(b; — a; — 26)
is a continuous function of § which matches up with vol(I) for § = 0. So, given
€ > 0, there exists § > 0 such that vol(I) — vol(L) < e. We choose rational
numbers x; € (a; — d,a;) and y; € (b;,b; +6) and we define the rational interval
J=[z1,y1) X -+ X [T, yn). It is obvious that [a;, b;] C (z;,y;) for every 4, thus
H contains the closure of I and vol(H) — vol(I) < vol(L) — vol(I) < e.

If I is non degenerated the interval H is constructed in a similar way by
considering this time L =[]}, (a; + 8,b; — §) for § > 0 small enough, 0 < § <
m1n1<z<n( i a'z)/2 U

The following proposition is the key to define the measure of the open sets
and to prove some of the main properties of Lebesgue measure®. In its proof
the student will find, perhaps for the first time, the necessity of adding infinite
errors. This is done with the use of the geometrical series € = > 7o | ¢/2".

Proposition 1.4. Let (I) and (H;) two countable families of intervals such
that Ure, I C U2, H;. If the family (I1,) is pairwise disjoint then

Z vol(I}) < Z vol(H;)
k=1 i=1

41t is worth to notice that some similar result has to be proved also in other constructions
when one wants to show that Lebesgue measure agrees with the volume on intervals




Proof. We can assume that all the intervals I are non degenerated because
the volume of such an interval is zero. Let € > 0. Lemma 1.3 allows us to
choose, for each k and ¢, rational intervals J, and L;, such that the closure
of Ji is contained in I, and H; is contained in the interior of L;, satisfying
vol(Iy,) — vol(J;,) < &/2F and vol(L;) — vol(H;) < /2%

Fix m > 1. The family (L;) is an open covering of the compact set ;- J,
hence there exists p > 1 such that |J;", Jx C [J/_, L;. By Lemma 1.2 we have

m m € m
S vol(ry) < 3 (vol(y) + 27) <3 vol(Jy) + ¢
k=1 k=1 k=1
p c os]
< ZVO](LZ) +e< Z (vol(Hi) + 2—k> +e< Zvol(Hi) + 2¢.
=1 =1 1=1
Letting m — oo and € — 0 we get the desired inequality. O

Remark 1.5. Proposition 1.4 is customary proved by using refined partitions of
the given intervals ([2], [4]). Our aproach is inspired in the fact that character-
istic functions of intervals are Riemann integrable functions, thus their integrals
which a fortiori are their volumes, can be computed as

vol(I) = Eh_r)r(l) e” Z x1(ec) = 6113(1) e"H#(INeZ™).
cez™

This equality was obtained by L. Rodriguez-Piazza without appealing to Rie-
mann integration, and applied to obtain Lemma 1.2.

2 Measure of open sets and Lebesgue outer mea-
sure

Any open set G can be paved with intervals. That is to say, there is a pairwise
disjoint sequence of intervals (I;) such that G = (J,—, Ix. To prove this for
non-empty open sets we need some preliminaries on dyadic cubes. Given k > 0
and a = (ay,...,a,) € Z", the interval

o {al al+1> o {a an+1>
B2k 2k 2k’ 2k
is called a dyadic cube. Thus dyadic intervals are rational intervals. It is clear
that R™ = (J,czn If for each k.

Let x € I N I}3 and let 5 < k. Then 27%a; < x; < 279(b; + 1) for each 1,
hence a; < 2¥79(b; + 1), and as they are integer numbers, a; +1 < 2877 (b; + 1),
hence 27%(a; + 1) < 277(b; + 1). In a similar way, starting from 277b; < z; <
27%(a; + 1), we see that 277b; < 27%a;. Therefore we obtain that I} C Ijb.

In particular, if a # b then I2 N IP = (), hence (I)acz» is a countable
partition of R™ for each k. And if j < k£ then I} and I]'? are either disjoint or
I? C Ijb.



Proposition 2.1. Let G C R™ a nonempty open set. Then there exists a
sequence (I;) of pairwise disjoint dyadic cubes such that G = Jp—, I

Proof. We consider Dy = {a € Z": I§ C G}, selecting the family of dyadic
cubes I§ whose closures I§ are contained in G. Then we consider D; = {a €
Zr: 12 C G, IPNI* =0 for every b € Dy}, selecting this time those dyadic
cubes I} with closure contained in G which are not contained in any of the
selected in the first step. In general, let D, = {a € 2" : I C G, IJb NnIig =
@, for all b € D; and all j < k}.

Then G = UpZgUaep, If- Indeed, if x € G, we take k such that the
diameter of any cube I is strictly less than d(x, G°). Next, we choose a € Z"
such that x € I¥. Then I? C G and, either a € Dy, in which case x belongs
to the union, or a ¢ Dy; in this case there must exist j < k and b € D; with
Iﬁ NIF+#0,s0 I C Ijl? and then x € Ijb, belonging x also in this case to the
union. |

Propositions 1.4 and 2.1 allow us to measure open sets®:

Definition 2.2. Let G be an open subset of R". Let (Ix) be a pairwise sequence
of intervals covering G. The measure of G is defined as

m(G) = ivol([k).
k=1

Let us observe that m(f) = 0 and that m(I) = vol(I) if I is an open interval.
Lemma 2.3. The function m defined on the open sets satisfies:

1. It is non decreasing, that is, if G1 C Ga are open sets, then m(G1) <

2. 1t is countably subadditive, that is, if (Gy) is a sequence of open sets then
m(UpZy Gr) < Xopsy m(Gy).

3. It is countably additive, that is, if (Gy) is a pairwise disjoint sequence of
open sets, then m({Jy—; Gi) = Y pe g m(Gy).

Proof. Proposition 1.4 gives directly the first property. For the other two prop-
erties, take (I ;) according to Definition 2.2 such that Gy = J;2, I, and
m(Gg) = Yoo, vol(Iy;), for every k. If (I;) is a pairwise disjoint covering of
Urzy G then U2, I; € Uy =, Ik,; thus Proposition 1.4 implies

ZVOI(I]‘) S Z VO](Ik,j) = Z ( VOl(Ik’i)> 5

ij=1 k=1 \i=

hence we have the second property. For the third one, let us observe that if the
sequence (Gy) is pairwise disjoint then the inequality in the former equation
becomes an equality. O

5 Again it coul be convenient to notice that the given definition is necessary if one ask the
measure to be countably additive and to be an extension of the volume.



We are ready to define Lebesgue outer measure:

Definition 2.4. Let A C R™. We define the Lebesgue outer measure of A as
m*(A) = inf {m(G): AC GCR", Gopen}.

Let us recall that an outer measure is a function defined for every subset,
which is non decreasing, subbaditive and asigns the value zero to the empty set.

Proposition 2.5. The function m* is an outer measure on R™. For intervals
I we have m*(I) = vol(I) and for open sets G we have m*(G) = m(G).

Proof. Tt is clear that m*(f) = 0 and that A € B C R™ implies m*(4) <
m*(B). To prove subadditivity, let (Ax) be a sequence of subsets of R” and
let A = Jz—; Ar. Given £ > 0, there exists an open set Gj, D Aj such that
m*(G}) < m*(Ay) +¢/2%. By Lemma 2.3 we have

m*(4) < m (D Gk> < im(Gk) < i (m*(Ak) + 2%) = im*(Ak) +e.
k=1 k=1 k=1

k=1

It is enough to make ¢ — 0 to obtain m*(A4) < 3", m*(Ay).

If G is an open set then m(B) > m(G), for every open set B O G since
Lemma 2.3, hence m*(G) > m(G). The reverse inequality is plain by definition.

In particular, if I is an open interval m*(I) = m(I) = vol(I). For an arbitrary
interval J, according to Lemma 1.3, there exists a sequence of open intervals
I, O J with vol() — vol(J). As m*(J) < vol(Iy) for every k we obtain
m*(J) < vol(J). For the reverse inequality, observe that if I is the open interval
which is the interior of J, then vol(J) = vol(J) = m*(I) < m*(J). O

It follows from this proposition and Lemma 2.3 that m* is countably additive
on open sets. We shall show in the next Section that m* is countably additive
on a very much larger family of sets, the Lebesgue measurable sets. We prove
now that it is finitely additive on closed sets. We shall denote by d(x,A) =
inf{|x —y| : y € A} the distance between a point x and a set A. As |d(x, A) —
d(y,A)| < d(x,y), the function d(x, A) is a continuous function of x.

Lemma 2.6. Let {A1,..., Ay} be a pairwise disjoint family of closed subsets of

R™. Then
p p
m* (LJ'Ak> ::ZE:rn*@4k)
k=1 k=1

Proof. Let G, = {x € R™: d(x, A) < d(x,U;z Aj)}- Then {G1,...,Gp} is a
pairwise disjoint family of open sets such that Ay C Gy for every k.
Let G be any open set such that (Ji_, Ay, C G. Then,

f:m*(Ak) < f:m(akmc:) =m (O kac:) <m(G),
k=1 k=1

= k=1

hence we derive that Y 7_, m*(A4;) < m*((J{_; Ax). As the reverse inequality
follows from the subadditivity of m*, the proof is complete. O



3 Lebesgue measurable sets and Lebesgue mea-
sure

Assume that I is an n-dimensional non degenerated interval. Given ¢ > 0,
by Lemma 1.3 there exists a closed interval J and an open interval H with
J CIC H and vol(H) —vol(J) < e. Then vol(H) = vol(J) + m(H \ J) because
if (I}) is a pairwise disjoint sequence of intervals covering the open set H \ J,
then vol(H) can be computed using the covering obtained by adding the interval
J to the sequence (I). Hence m(H\J) < e. This property leads us to introduce
the following definition:

Definition 3.1. A set A C R"” is said to be Lebesgue measurable if for each
€ > 0 there exist a closed set F' and an open set G such that F C A C G and
m(G\ F) <e.

Thus every non degenerated interval is measurable. It is also clear by defi-
nition that every set of measure zero is measurable. In particular, every degen-
erated interval I is measurable because m*(I) = 0.

The restriction of m* to the class of Lebesgue measurable sets is called the
Lebesgue measure, denoted by m. We shall see that m is a positive measure
extending the volume on the intervals and the measure on the open sets.

Lemma 3.2. Let (Ag) be a sequence of measurable sets.
1. If Y02 m*(Ay) < oo then Jpey Ak is measurable.
2. The set | Ji_, Ax is measurable for every p.
3. If the sequence is pairwise disjoint then m* (Up—, Ax) = >,y m*(Ag).

Proof. Let ¢ > 0. For each k, we take closed sets Fj and open sets Gy with
F, C Ay C G and such that m(Gy \ Fx) < 6/2k. Let A= U;il Ay

If 72, m*(Ag) < oo we choose p such that ZEOZP_H m*(Ag) < €, hence
Y ohepr1 M (Gr) < 2¢ being m*(Gy) < m*(Ax) + m*(Gy \ Ag). Then F =
\U%_, F is a closed subset of A, G = J;—, Gy is an open set containing A and

m*(G\F)Sm*( Gk\UFk>+m* G Gy
k=1 k=1

= k=p+1
P e’}
<Y wm (G \ Fp)+ Y m*(Gy) < 3,
k=1 k=p+1

which shows that A is measurable.

The second statement follows by letting Ax = @ for & > p, so that we have
> hepr1 M (Ax) < € for every e > 0, which was exactly what we needed to show
that A was measurable.



To show the third statement, observe that m*(A) < m*(Fy) + /2% Tt
follows from Lemma 2.6 that for every p

im*(Am < Z (m*(F) + 57 ) = m* (U Fk> +i2% < m*(A) +e,
k=1 k=1 k=1 k=1

Letting ¢ — 0 and p — oo we obtain ) ,- ; m*(A4y) < m* (A), which finishes the
proof regarding that m* is subadditive. O

We recall that a o-algebra on R” is a family of subsets of R™ which contains
the empty set and is closed under complementation and countable union. Let
us notice that we know already that the empty set is measurable and the second
part of Lemma 3.2 gives that the class of measurable sets is closed under finite
unions.

Theorem 3.3. The class of Lebesgue measurable sets is a o-algebra on R™
and the restriction m of Lebesgue outer measure m* to this class is a positive
measure.

Proof. First we show that if A is measurable then the complement A€ so is:
given € > 0 we take a closed set F' and an open set G satisfying m(G \ F) < ¢
and FFC A C G. Then G¢ C A C F¢, G¢ is closed, F¢ is open and m(F¢\ G¢) =
m(G\ F) <e.

Let (Ax) be a sequence of measurable sets. Then A = J,-, Ay can be
written as A = A; U (A3 U A3) U..., an increasing union of measurable sets.
Thus, to prove that A is measurable we could assume that (Ay) is an increasing
sequence of measurable sets. Moreover, as A = Ay U (As\ A1) U... and the set
A1 \ Ap = A1 NAS, = (A5, U Ag)° is measurable, we shall assume that
(Ay) is a pairwise disjoint sequence of measurable sets.

With this assumption, if m*(A) < oo it follows directly from Lemma 3.2
that A is measurable. In general, let us denote by I,, the n-dimensional interval
(=p,p)™. Then B, = AN (Ip41 \ Ip) = Upey Ak N (Ip+1 \ 1) is measurable
since m*(B)) < vol(Ip4+1) < +00. Thus we can choose, for each p, a closed set
F, C By, and an open set B, C G, with m(G), \ F,,) <¢/2%. Let F =2, F)
and G = U;O:1 G,. Then F is closed because any convergent sequence in F' must
be contained in finitely many Fj, otherwise it could not be bounded! Therefore

m(G\ F) §m<6 G,,\F,,) < im(Gp\Fp) <e
p=1

p=1

and we obtain that A is measurable.
Finally, that m is countably additive on the class of measurable sets is the
second statement in Lemma 3.2. O

As any interval is measurable it follows that open sets are measurable. Thus
every closed set is measurable too. Since we do not leave the class of measurable
sets by taking countable unions, we have that F,-sets (countable unions of closed



sets) are Lebesgue measurable. The complement of such a set is called a Gs-set
(countable intersection of open sets) and is measurable. We finish by showing
the following structure theorem for Lebesgue measurable sets:

Theorem 3.4. For a subset A of R™ the following conditions are equivalent:
1. The set A is Lebesque measurable.
2. There exists a Fp-set B C A with m*(A\ B) = 0.
3. There exists a Gs-set C D A with m*(C'\ A) = 0.

Proof. We see that the second and the third conditions are equivalent by tak-
ing complementary. As F,-sets and sets of outer measure zero are Lebesgue
measurable we obtain that the first condition is a consequence of the second
one. Finally, if a set A is measurable then there exists a sequence of closed sets
F, C A with m*(A\ Fy) — 0. Hence B = (J,o, Fix C A is an F,-set with
m*(A\ B) <m*(A\ Fy) for every k, and it follows that m*(A\ B) = 0. O

Remark 3.5. Another possible choice for the definition of measurability is the
following: A is Lebesgue measurable if for each € > 0 there exist a closed set
F Cc Aand m*(A\ F) < e. With this definition Lemma 3.2 can be proved in the
same way. But to show that the complement of such a set is also measurable we
need to show first that every open bounded set is measurable (use Lemma 3.2,
Proposition 2.1 and the fact that every interval is measurable) and derive that
closed sets F' has the following property: for each ¢ > 0 there exists an open set
F C G such that m(G\ F) < e. This is more involved than the way we choosed.
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