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Abstract

In this paper we present a sound and complete axiomatizafidature event logic. Future event logic is a logic that
generalizes a number of dynamic epistemic logics, bﬁ usingva operator- that acts as a quantifier over the set of all
refinements of a given model. (A refinement is like a bisimataexcept that from the three relational requirements only
‘atoms’ and ‘back’ need to be satisfied.) Thus the logic corabithe simplicity of modal logic with some powers of monadic
second order quantification. We prove the axiomatizati®oisid and complete and discuss some extensions to the result

Keywords: Bisimulation Quantifier, Modal Logic, Temporal Epistemiodic, Multi-Agent System

1 Introduction

Modal logic is frequently used for modelling knowledge inlthagent systems. The se-
mantics of modal logic uses the notion of “possible worldsstween which an agent is
unable to distinguish. In dynamic systems agents acquirekmewledge (say by an an-
nouncement, or the execution of some action) that allowdgiinduish between worlds
they previously could not separate. From the agents pointes§, what were “possible
worlds” become inconceivable. Thus, a future informativerd may be modelled by a
reduction in the agent’s accessibility relation. Bi]the future event logids introduced.

It augments the multi-agent logic of knowledge with (only) @perations¢ that stands
for “¢ holds after all informative events” — the diamond versigh stands for “there is
an informative event after which.” The semantics of informative events axiomatized in
this paper was presented i2l]; it encompasses action model execution a la Baltag et al
[4]: on finite models, it can be easily shown that a model rasyiffom action model ex-
ecution is a refinement of the initial model, and for a giveiinement of a model we can
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construct an action model such that its execution is bigimo that refinement. Here we
examine the important questions that arise for a new logipresssivity; axiomatizations;

and complexity. We visit these questions in both the cortértodal logic, and the modal
p-calculus.

Previous works 10,15] have modelled informative events using a notion of model re
finement. In L5] it was shown that model restrictions were not sufficientitowate in-
formative events, and they introduceefinement treegor this purpose—a precursor of
the semantics of dynamic epistemic logics developed I&#&r [We incorporate implicit
quantification over informative events directly into thedaage using a similar notion of
refinement in our case a refinement is the inverse of simulatith [This work is also
closely related to some recent work on bisimulation quaatifnodal logics9,11]. The
future event operators are weaker operators than bisiionlguantifiers 21], as they are
only based on simulations rather than bisimulations, andad@llow us to vary the inter-
pretation of propositional atoms. Bisimulation quantifraddal logic has previously been
axiomatized by providing a provably correct translationhi® modalu-calculus B] (albeit
a very complicated one).

Thus we may considaefinement quantificatioto be a generalization of future event
operators 21] to other modal logics. This is significant in that it motigatthe application
of the new operator in many different settings: In logics §ames 17,2] or in control
theory [18,20], it may correspond to a player discarding some moves; fogigam logics
[12] it may correspond to operational refinemetf]f and for topologics it may correspond
to sub-space projections.

This paper will present the definitions for refinement guaratiion in the general set-
tings of modal logic and the modalcalculus, and seek to motivate their use in a range
of applied logics. We will then address the questions of esgivity, complexity and ax-
iomatization. Specifically: sound and complete axiométizes will be provided for both
modal logic and the modal-calculus augmented with refinement quantification; we pro-
vide a double exponential upper-bound for each logic; andhesv the use of refinement
guantification does not change the expressive power of tfiedpalthough they do make
each logic exponentially more succinct.

2 Technical preliminaries

Structural notions
Assume a finite set of agentsand a countably infinite set of atonis

Definition 2.1 [Structures] AmodelM = (S, R, V') consists of alomain S of (factual)
states(or worlds), accessibilityR : A — P(S x S), and avaluationV : P — P(S). For
s € S, (M, s) is astate(also known as a pointed Kripke model).

For R(a) we write R,,; accessibilityR can be seen as a set of relatidig andV” as a
set of valuationd/(p). Given two states, s’ in the domain,R, (s, s') means that in state
s agenta considerss’ a possibility. As we will be often required to discuss selveradels
at once, we will use the convention that = (SM RM VM) N = (SN, RN, V) etc.
Also, givens € SM, we letM, refer to the paif M, s) or thepointed model

In the first instance we will assume that there are no furtbstrictions on thenodels
That is, the underlying modal logic & whose system of axioms I§. In future work we
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will consider how our results may be extended to epistemgicty such a§5andKDA45.

Definition 2.2 [Bisimulation, simulation, refinement] Let two model$ = (S, R, V') and
M’ = (S’, R', V') be given. A non-empty relatioft C S x S’ is a bisimulation, iff for all
s € Sands’ € S’ with (s,s") € R, foralla € A:

atoms s € V(p) iff s e V'(p) forallp € P
forth-a forallt € S, if R,(s,t), then thereis & € S’ such that®, (s',¢') and(¢,t') € R
back-a forallt' € S',if R, (s',t'), then there is @ € S such thatR,(s,t) and(¢,t') € R

We write M, < M!,, iff there is a bisimulation betweel and M’ linking s ands’. Then
we call M, and M, bisimilar.

A relation that satisfieatoms andforth- « for everya € A is asimulation and in that
caseM!, is asimulationof M, and M, is arefinemenbf M!,, and we writeM, < M/,
(or M!, = My).

A relation that satisfieatomsandforth- b for everyb € A, as well asback-b for every
b € A — {a} is ana-simulation and in that casMé, is ana-simulationof Mg, and M is
ana-refinemenof M/, and we writeM, <, M, (or M/, =, M).

We note that the definition of simulation and refinement ab@aves slightly to the one
given by Blackburn et ald]. Here we ensure that simulations and refinements preseeve t
interpretations of atoms, whered, [has them only preserving the truth of atoms. We take
this approach as we feel it suits the epistemic domain weeaspi It is also important to
note that in an epistemic setting a refinement correspontigtdiminishing uncertainty
of agents . This means that there is a potentidcreasein the number of states and
transitions in a model. This is perhaps contrary to the goihogprogram refinementlp]
where detail is added to a specification. However, in progreinement the added detail
requires a more detailed state space (i.e. extra atoms)sasdch is more the domain of
bisimulation quantifiers, rather than refinement quantifica It is interesting to note the
consequence of program refinement is a more deterministersywhich agrees with the
notion of diminishing uncertainty.

We give the following lemma for the properties of the relatie, .

Lemma 2.3 The relation =, is reflexive and transitive (a pre-order), and satisfies the
Church-Rosser property.

Proof. Reflexivity follows from the observation that the identiglation satisfiestoms
andback-a andforth- a for all agentsa, and therefore also the weaker requirement for re-
finement. Similarly, given twa-simulationsB;, andBs, we can see that their composition,
{(z,2)| 3y, (x,y) € By, (y,2) € By} is also aru-simulation. This is sufficient to demon-
strate transitivity. The Church-Rosser property statesithV, =, M, and N, =, M.,
then there is some modal;, such thatV >, N, andM!, =, N,,. From Definition2.2

it follows that M and M, must be bisimilar to one another with respect4e- {a}. We
may therefore construct such a mo@€) by taking M, (or A1.,) and settingR{lV’ = () and
R)" = RMforallb € A - {a}. It can be seen tha¥/, = (SM, RN VM s) satisfies the
required properties. O

1 At least, with respect to formulas in which knowledge opersappear within the scope of an even number of negations.
It is possible that in a refinement one agent may be less catmut what another agent does not know.
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Finally, note that ifN; =, M, and M, >, N; it is not necessarily the case that
My< Ny.

For example, consider the one agent modéland N where:
o SM =1123}, RM ={(1,2),(2,3)} andVM(p) =  for all p € P; and
o SN ={a,b,c,d}, RY = {(a,b),(b,c),(a,d)} andVM(p) =0 forallp € P.
These two models are clearly not bisimilar, although < N, via {(1,a),(2,0),(3,¢)}
andN, = M via{(a,1),(b,2),(c,3),(d,2)}.

3 Syntax and semantics

Assuming an interpretation where differemt operators stand for different epistemic oper-
ators (each describing what an agent knovitgyre event logids able express what infor-
mative events are consistent with a given information stétee syntax and the semantics
of future event logic are as follows.

Definition 3.1 [Language of£.] Given a finite set of agentd and a set of propositional
atomsP, the language of, is inductively defined as

¢2::p|—'¢| (d)/\¢) | Da¢| >0
wherea € A andp € P.

Standard abbreviations includé:V ¢ iff —=(—¢ A —); ¢ — Y iff —p V ¢; O, 0 iff
—0q—¢. We write>,¢ for =»,—¢. We propose a dynamic modal way to interpret the
refinement quantification. This means that our future iscttraputable future>,¢ is true
now, iff there is an (unspecified) informative event for ageror a-refinement, after which
¢ is true.

Definition 3.2 [Semantics of future event logic] Assume an epistemic médet (S, R, V).
The interpretation of € L, is defined by induction.

M; Epiff s€V,

M; |= ¢ iff My = ¢

M = ¢ N iff M = ¢ andM; [= ¢

M, E geoiffforall t € S: (s,t) € R, impliesM; = ¢
M, = woiffforall M, : My =, M., impliesM, = ¢

The logic without the refinement quantifier, is the logicL of multi-agent epistemic logic.

In other wordsp,¢ is true in an epistemic state iffis true in all of itsa-refinements
Note the inverse direction in the definition: the future &gnsic state refines the current
epistemic state. Typical model operations that produce-efinement are: blowing up
the model (to a bisimilar model) such as adding copies thatralistinguishable from the
current model and one another, removing states accessilyidy agenta, and removing
pairs of the accessibility relation for the agent Validity in a model, and validity, are
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defined as usual. For an extended discussion of these semamnti a comparison to related
logics see21].

Lemma 3.3 The logicL,, is bisimulation invariant.

Proof. This is straightforward, notingl, is bisimulation invariant, and the new operator
», is clearly bisimulation invariant since-simulation is transitive and bisimulation is just
a specific type of simulation. Therefore Mif; < N;, andO,, is any model such tha?,, <,
M, then M, <, N, so by Lemma2.3, we haveO, <, N;. Thus,N; & »,¢ implies
M; |= »,¢. The reverse direction is symmetric. a

Additionally, we may define&, by including the fixed-point operatogsandv. Specif-
ically:

Definition 3.4 [Language of£.] Given a finite set of agentd and a set of propositional
atomsP, the language off is inductively defined as

pu=pl ¢ (AP | Dat | Patd | pz.0

wherea € A, p € P, and the atomx: only occurs positively (i.e. in the scope of an even
number of negations) in the formuta We will refer to such an atom as afixed-point
variable The formulavz.¢ is an abbreviation foruz.—¢[—z\z].

The restriction of this logic to the fragment without refiremh quantifiers (the modal
p~calculus) will be referred to a§*. An important technical definition we require is that
of adisjunctive formula Let I" be a finite set of’4' formulas. We let theoveroperator
_VJ be an abbrevigtion far, _\/Wep YA N er Oa - (To avoid ambiguity, we not/ v _
is always false, whnsy\,yew is always true). This operator has previously been used in
the definition of disjunctive formulaeg], and has recently been axiomatizég. [We also
note its dual may be writtet\,I' as an abbreviation fap, A cr vV V. cr Oa7-

Definition 3.5 [Disjunctive formula] Adisjunctive formula (df}s specified by the follow-
ing abstract syntax:

az=z|aVal|pura|vr.a|m AV b >

wherer is a conjunction of free literals (atoms or negated atomsnbtfixed-point vari-
ables), and/T is an abbreviation fo¥ ,, 'y, A... AV, T, such thauy, ..., a, are distinct
elements of the sed, and eacl’,, is a finite set of disjunctive formulas. To avoid ambi-
guity we may refer to the disjunctive formulas 6f (the ones withous, or >, operators)
asp-disjunctive formulas.

Proposition 3.6 Every formulap of £ is equivalent to a:-disjunctive formula,
This is shown in13].

Example 3.7 [Knowledge and belief] Given are two agents that are unitedhout the
value of a factp, and where this is common knowledge, and wheig true. We assume
that both accessibility relations are equivalence rafati@and that the epistemic operators
model the agents’ knowledge. An informative event is pdssilfiter whicha knows thatp
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butb does not know that; this is expressed by

>(0ep A “0p0aP)

In Figurel, the structure is on the left, and its refinement validatheygost-condition
is on the right. In this visualization, the actual state & ¢hottom) right one, and states that
are indistinguishable for an agent are linked and labeldd thie name of that agent, and
transitivity and reflexivity are assumed (so on the righttrake states are indistinguishable
for agentb). Note that on the left, the formute(o,p A —Cp014p) IS true, because,p A
—OpOep IS true in the right structure: in the actual state there igltgrnative for agent,
S0 O.p IS true, whereas agentconsiders it possible that the top-state is the actual,state
and in that state agentconsiders it possible thatis false. Therefore;o,o,.p is also true
in the bottom right state.

PG S C
W0 g

Fig. 1. The refinement in Examp&?7.

Example 3.8 [Controller synthesis] Consider a discrete-event systeta be controlled,
with two possible actiong andu. Given a control objective) expressed in, say the
calculus, the following formulas express respectivelywed-known verification/synthesis
problems:

e Controller synthesis: Assume actioris controllable as opposed to The systent is
controllable for¢ if and only if, S = >.¢, as ac-refinement ofS denotes the result of
applying some control acting on action

e Module checking 14]: The systemS is interpreted as aopen systerwhere actiorr is
internal and action. comes from the environment. The systéhsatisfiesy whatever
the environment does but blocking if, and only #, = »,(NonBl ocki ng = ¢),
whereNonBl ocki ng = vz.©, T A Oz is an invariant telling that there always exists
an environment reaction. Therefinements with hypothesidonBIl ocki ng denotes
all possible non-blocking environments.

¢ Advanced controller synthesis: We combine the two caseseabe reconsider the
control problem forp whereS is interpreted as an open system. The open systean
be controlled to achieve properdyif, and only if,

S = >e»,(NonBl ocki ng = ¢)

Example 3.9 [Program logic] Consider a specificatidddJTEX, of a mutual exclusion pro-
tocol and some property of this protocol specified il€'7 L. Now we may ask if we can
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find a refinement oMUTEX that satisfieg but also such that if Processs in the critical
section ¢s(7)) attimen + 1, then this is known at time. This is expressed as

MJUTEX = >(AG[EX cs(i) = AXes(i)] A ¢)

The refinement consists in moving the nondeterministic adwforward, so that a fork at
timen becomes a fork at time — 1 with each branch having a single successor at time

es(l) cs(2) 3 res(1) 1 es(2)

Fig. 2. The refinement in Examp89.

We also note that Sectidh2 presents an application of the refinement quantification to
two-player asynchronous games.

4 Axiomatization: L,

Here we present a series of axioms for the logjic We will derive a number of validities,
show the axioms to be sound, and discuss a general strategfyofeing their completeness.
For simplicity, we will present the axiomatization in thegle agent case (and hence the
O operator will simply be referred to as), although the axiomatization and proofs easily
generalize to the multi-agent case. We will also use theiosld? simply as a set of pairs
C SM x M and use the abbreviatiotRM = {u € SM | (s,u) € RM}.

The axiomatization presented is a substitution schemeg sire substitution rule itself
is not valid. Note that for all atomic propositiopsp — »p, but the same is not true for an
arbitrary formula (substitute>T for p in the formula of Exampl&.7). This propositional
case itself is presented as axi@i and prevents the logiEEL from being a normal modal
logic.

Definition 4.1 The axiomatizationFEL is such that the axioms are all substitution in-
7
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stances of the following:

P All tautologies of propositional logic
K o(¢—v)—n¢— oy
GO > (¢ — V) = »o— »i)
G1 a < »«a where « is a propositional formula

GK A, cr 0>y <>V

along with the rules:

MP From F ¢ — ¢ and + ¢ infer F o
Necl From F ¢ infer - g¢
Nec2 From F ¢ infer - »¢

The axiomatizatiorK for the logic £ consists of the axiomB, K, and the rulesviP
andNecl

The axiomatization is surprisingly simple given the comjileof the semantic def-
inition of the refinement quantificatiom. We note that while refinement is known to
be reflexive, transitive and satisfies the Church-Rossarepty (Lemma2.3), the corre-
sponding modal axioms are not required. Rather, these firepenay be inferred from the
axioms presented above.

4.1 Example of derivation

We present a simple derivation af T — >(V{p} vV V{=p}). In some cases several
deductions have been combined into single statementdhibus trestricted to cases of well
known modal theorems.
1.P,Necl, K - OT < O(pV —p)
2.P,Necl,K - &(pV —p) « (OpV Op)
3.See below ¢p — >V{p}
4.See below ¢—p — >V{-p}
5.P,Nec2,GO >pp — >(V{p} vV V{-p})
6.P,Nec2, GO +>o—p — >(V{p} vV V{-p})
7P, MP - oT — »(V{p} VvV V{-p})

Lines 3 and 4 above require the following deduction, whictnue for all propositional
formulac:

1.Gl F a <o
2.P,Necl, K - Ca «— Oba
3.GK[I' = {a}] F ¢a < pV{a}
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4.2 Soundness

For notational convenience, given a finite set(@fformulas,I" = {¢1,...,¢,}, we let
I’ = {>¢ | ¢ € '} (and likewise for other unary operators).

Theorem 4.2 The axiomatizatiofrEL is sound for_,.

Proof. As all models ofC, are models of’, the schemaP, K and the ruldMP andNec1l
are all sound. We deal with the remaining schemas and rules/be

GO Suppose thab/, is a model such that/; = »(¢ — ). Then for everyN;, where
Ny < M, we haveN; = ¢ — 1. Therefore if it is also the case that for eve¥y
whereN; < M, we haveN; = ¢, then it follows that every such model also satisfies
>

G1 Suppose thatv is a propositional formula. By DefinitioR.2 for every modelV; <
M, for every propositional atom, we haves € VM (p) ifand only ift € VN (p). As
the interpretation ofr depends solely on the the valuation of propositions, éhen
M; = «ifand only if Ny = « for every Ny < M.

GK Supposel/; is a model such that for some det M = A o O>v. Therefore for
everyy ¢ T there is some” ¢ sRM such thatM;, = >v. Thus, for eachy € T,

there is some modéV,’, < M such thatV,), = ~. Without loss of generality, we
may assume that for eaghe T" the modelsV” are disjoint. We construct the model

M such thas™" = SM U . S¥7, RM" = {(s,u?) |y € T}UU,p RV, and
forallp e P, VM (p) = vM@p)u Y v (p).
We can see thab/] =< Mj, via the relationR" = {(s,s)} U, R” where

R7 is the refinement relation corresponding Xy, < M;~. Furthermore, for each
t € sRM" it is clear thatM[ < N, for some~, and thusMI &= ~. Therefore
My = 0V, e 7. Finally, for eachy € T there is some” € sRM" whereM?, |= ~
soM! = NAyer - ThereforeM! |= VT, soM, = >VT.

Conversely, suppose thaf, = >VI'. Therefore, there is a modeN; < M, such
that V; = VI'. Expanding the definitions, we have, for everye T' there is some
u € tRY such thatN, | ~, and for everyu € tR" there is some € sRM such
that N, <, M,. Combining these statements we have, for every I" there is some
v € sRM such thatM, |= >, and thusM = A O>7.

Nec?2 If ¢ is a validity, then it is satisfied by every model, so for anyd@ld\/,, ¢ is satisfied
by every modelV; < M, and hence every model satisfies.
0

4.3 Completeness

We first show that every,, formula is logically equivalent to & formula. We then show
that if the latter is a theorem i4, the former is also a theorem, REL .

Lemma 4.3 Every formula ofZ, is logically equivalent to a formula of.

Proof. As the axiomGK is formulated in terms of the cover operator, it is conventen
prove this equivalence by means of an equally expressiaoreof the modal logi that

9
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is also formulated with the cover operatéi.[> (A direct proof in our own setting is quite
possible, but considerably longer.) Consider the syntacowér logic

¢ = L[T|dVo|pAg|-pA¢| VL.

The semantics oV T is the obvious one if we recall our introduction by abbreeiaof the
cover operatorM; = VT iff for all ¢ € T" there is & € R(s) such thatM; |= ¢, and for
allt € R(s) there is a € I" such that\/; = ¢. The modal box and diamond are definable
as:0¢ iff VOV V{¢}, andCoiff V{p, T}

Now consider the extension of cover logic with the refinenterantification>. By the
definition of & in cover logic, axionGK now takes shap;é\veF V{>v, T} < >VI'. (And
this is clearly also sound.) Given a formulain cover logic with refinement, we prove
by induction on the number of the occurrences-af 1 that it is equivalent to an-free
formula, and therefore to a formula in the modal logicThe base is trivial. Now assume
1) containsn + 1 >-operators. Choose a subformula of type of our given formulay,
whereg is >-free (i.e. choose an innermast We prove by induction on the structure of
¢ that>¢ is logically equivalent to a formulg without .

e > L iff L.

e >Tiff T.

e >(p A @) iff p Ao (refinements do not affect atoms); IH.

e >(—p A ¢) iff =p A ¢ (refinements do not affect atoms); IH.
o >(¢ V) iff ¢ V1) (directly from the semantics of); IH.

o VT iff /\'yEF V{>v, T}; IH. (By induction, each> is equivalent to ar-free formula
1, and the resulting\w V{y, T} is also>-free.)

Thus we are able to push the refinement operators deepehaformula until they even-
tually reachT or L, at which point they disappear and we are left wjtfwhich does not
contain> and is equivalent to¢). Replacing>¢ by y in v gives a result with at least one
less>-operator, to which the (original) induction hypothesiplégs. O

Lemma4.4 Let¢ € L, be given and) € L be equivalent te. If v is a theorem irK,
theng is a theorem irFEL.

Proof. Given a¢ € L., Lemma4.3 gives us an equivalent € £. Assume that) is a
theorem inK. We can extend the derivation ¢fto a derivation ofp by observing that the
first five of the six itemized reduction steps in Lemeh8 are all provable equivalences,
and that the last item is of course the axi@K. (Where we also need to observe that the
systemFEL satisfies the substitution of equivalentsiif is equivalent tap, and ¢, is a
subformula ofps, andgs is a theorem, thems[4;\¢2] is also a theorem.) O

Theorem 4.5 The axiom schem@EL is sound and complete for the logig .

Proof. The soundness proof is given in Theordrg, so we are left to show completeness.
Suppose thap is valid: = ¢. Applying Lemma4.3we know that there is some equivalent
formula v not containing any refinement quantification. Ass valid, from that and the

validity ¢ < « it follows that «) is also valid in future event logic, and therefore also

2 We thank Yde Venema for suggesting this proof.
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valid in the logicL (note that the model class is the same!). From the completeni
it follows that is derivable, i.e. it is a theorem. From Lemmhal it follows that ¢ is a
theorem. O

5 Axiomatization: £V

The axiomatization foCt extends the axiomatization fdk, with the extra axiom and rule
of Kozen’s axiomatization of the modalcalculus F1 andF2), and two new interaction
axioms G3 andG4). The axiomatizatiofrEL , is a substitution schema of the axioms and
rules forL,, FEL (see Sectiod), along with the axiom and rule for the modalcalculus:

F1 ¢[pz.¢\a] — px.¢
F2 From ¢[y\z] — v infer px¢p — ¢

and two new interaction axioms:

G3 »uz.¢p < px.»¢d where pzx.¢ is a df (Def. 3.5

G4 »vx.¢p > ve.»¢ where vz.¢ is a df

These interaction axioms have an important associateditmmndthe refinement quan-
tification will only commute with a fixed-point operator if éhfixed-point formula is a
disjunctive formula.

5.1 Soundness

The soundness proofs of Sectidr? still apply and the soundness BfL andF2 are well
known [3], so we are left to show th& 3 andG4 are sound.

Theorem 5.1 The axiom<53 and G4 are sound.

Proof. In this proof we will find it convenient to use the bisimulatiquantifiers character-
ization of both fixed-point operators and refinement quanatiion. \We recall what bisimu-
lation quantifier is: Given an atomand a formulap, the expressiodz¢ means that there
existsx such thatp, and it is interpreted a&/; = Jz¢ if, and only if, for someN; bisim-
ilar to M, except forr—for which we will write N; <, M,— we haveN; = ¢. We let
V¢ abbreviate-3xz—¢, and a deeper technical discussion of the properties ahblation
quantifiers may be found irg].

(i) pzx.¢ is equivalent tovx(M(¢ — =) — x) [11] (where M is the universal modality
which quantifies over all states in the model).

(i) vz.¢is equivalent tadx(B(z — ¢) A x) [11].
(i) » @ is equivalent tovr¢”, whereg” is the relativization of to the atomr, which may

be computed recursively by replacing every occurrencgwin ¢ with o(r — ¢")
[21].

(iv) >¢ is equivalent tadr¢”.
11
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Note that from J] we know that bisimulation quantifiers are expressible ia tmodal:-
calculus, and thus the equivalences (i) and (ii) hold in tloglah;.-calculus. Furthermore,

in [21], the equivalences (iii) and (iv) are shown to hold for atjilcs that are closed under
bisimulation and announcement. As the mogdadalculus is such a logic, all four equiv-
alences hold in the modal-calculus, and they may be reasonably applied in the proofs
given below:

G3 Itis more convenient in this proof to reason about the axioitsicontrapositive form:
prx.¢ < vr.>¢. Using the equivalent transformations above we have:
prz.g < Irdz(B(z — ¢) Ax)"
— JzIr(B(z — ¢"
— Jz(Irl(z — ¢"
— Jo(W3r(z — ¢"
— Jx(B(x — Ire”

— I/:C.l>(;5

) A
) A
) A
) A

This proof simply applies known validities of bisimulatiguantifiers. Note that the
fourth line is not an equivalence in the general case. Howeve may show that
where ¢ is a disjunctive formula, the equivalence does hold. To ds, thuppose
M, is any countable model such thaf, = Jx(B3r(xz — o") A x), wherea is

a disjunctive formula. As the:-calculus enjoys the tree-model property, we may
assume that there is some tree-like mallet=, M, such thatV; = = A B3r(z —
a”). We inductively build a series of model <. . N; where N’ = (SY, RN V;).

We setVy(x) = {t}, Vo(r) = 0 andVo(p) = VN (p) forallp ¢ {r,z}. AsN; =
Jra” andvz.« is a disjunctive formula, the only case where the atomay influence
the interpretation ofira” is at a set of states such that all states beyond that set of
states are irrelevant to the interpretatiordofi” att (this set of states formsfeontier).
This is because from DefinitioB.5, if x is a sub-formula ofy, then if x appears

in the scope of a conjunction, it appears within the scope miodality within that
conjunction. Thus, there is a set of stafes, u1,...} € V() such thatV] = o,
whereN’ = (SN, R, V') for V'(z) = {t,ug,u1,...}, V'(y) = VN (y) fory ¢ {x,r}
andR' = RV\{(u;, s)|s € SV,i = 0,1,...}. Consequently the valuation ofmaybe
restricted to states that are not reachable from any dtagey:, ...} Let S ¢ S be
the set of states reachable franbut not reachable from; for anyi. We defineN'!

by settingV; (z) = V'(x), Vi(r) = V'(r) N Sp andV; (y) = VN (y) fory ¢ {z,r}.
Asug,uy, ... € VN(x), we haveN,, = = A B(3r(z — o) for all 4.

As M, is a countable model, we may assume an enumeration of thelsvot
states) in that model. The induction proceeds by taking thediate., on the frontier
and repeating the process (i.e. finding a valuaiidrsuch thatl’”’ makez true on a
frontier {vg, v1, ...}, agrees with/ "V on the interpretation of all atoms exceptind
r, makesN,, = o” and makesV,, = = A B(3r(z — 7)) for all 7). We definel,
by taking the union of(z) = V/(z) andVa(r) = Vi(r) U (V'(r) N Sy whereS;
is the set of states reachable fram but not fromwv; for ands, and all other atoms
have their valuations unchanged. The statgsv, ...} are added to the set of frontier
states and the induction continues. As the $&ts) andV;(r) are strictly increasing
with ¢, this process is well defined, and its lim\{* will satisfy 3z3r(B(z — o")Ax),
as required. The construction is represented in Figure

12
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Fig. 3. The inductive step for the construction/éf . The formulac™ is independent of any state wherés not true, or any
state beyond the frontier defined by, uq, ....

G4 We also use the contrapositive form of the axiemz.¢ «— pz.>¢.
pux.¢ < Ir(Ve(W(p — z) — x))"

—VoIr(l(¢ — x) — z)"

—VrIr(#(p AN —-z) V)

—Vr(Iré(p A —-x)" V)

—Vr(¢3Ir(p A —-x)" V)
— VY (¢(3Ire" A —z) V)
—Vr(B(Ir¢" — x) — x)

— QT.>o

While the forward implication is generally true, the riglat feft implication again
relies on the fact thatz¢ is a disjunctive formula. For this, write the formulec«
to emphasize it is a disjunctive formula. We use the indectihiaracterization of
pxsa: iffor z € PandS € SM, M5 = (M RM V) such thatV (z) = S

andV(y) = VM(y) for y # z, then we may inductively defingally = @, and

IFall; = {s € sM | " Yi<ilPelih ooy Thens, = pasa if and only if

s € ||>al|-, wherer is an ordinal B].

Now supposeV/; = pz.>a. Without loss of generality we may suppose thatis
a countable tree-like model. A, satisfiesuz.>«, there must be some least ordinal
7 wherebys € |>al|-. We give a proof by induction, and the base case where0
is trivial. Let M™ = M@~ Ui<r I0llil and thenM” = ban. As pza is a disjunctive
formula, we are again in the case where there is a refinemehi’ofind a frontier
such thatz may only be true at or on the frontier, and no point beyond the frontier
affects the interpretation of. Formally, there is a set of statésy, u1, ...} € VM (z)
such thatV] = 3ra”, whereM’ = (S, R', V') such that
e S’ C SM7 s the set of states reachable fragrbut not from anyt;
o V'(z) = {t,ug,u1,...}, V'(y) = VM (y) for y # z; and
o R = RM"\{(u,t)|t € SM",i=0,1,..}.
We note thatV/] is a refinement ofi/]. Now as for each, u; € |[>a|; for somej <
7, by the inductive hypothesis we may assume there is somelmdde (S¢, R?, V)

13
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whereN; =< M; andN} = px.c. We may append these modelsitff to define
M* = (S*, R*,V*)whereS* = S"UlJ, 5%, R* = R'UJ; R'U{(t,v;) | (t,u;) € R'},
andV*(y) = V'(y) U, Vi(y) for all y € P. Itis clear thatM} is a refinement of
M, and by the axionir1 we can seé/; = ux.« as required.

O

We note that the general form &3 is not sound (for example, take = puz.O(y —
z) — O(—y — z). Thenwpux.¢ is true if y is true at every immediate successor of the
current state, whereasec.» ¢ is only true at states with no successor. Likew@&is not
true in the general case, as can be seen by takirgp A O(OT — z). Thenvz.»¢ is
true if and only ifp is true at every reachable state, andz.¢ is true only if p is true at
every state within one step.

5.2 Completeness

The completeness proof #EL,, proceeds exactly as for Theoreh®, replacing the for-
mulas in cover logic with disjunctive formulas to get a sta¢mt similar to the one of
Lemma4.3

Lemma 5.2 Every formula of£{ is equivalent inFEL , to a formula of the modali-
calculusC*.

Proof. Given a formulay, we prove by induction on the number of the occurrences of
> in ¢ that it is equivalent to an-free formula, and therefore to a formula in the modal
p-calculusL#. The base is trivial. Now assumgcontainsn + 1 >-operators. Choose a
subformula of type-¢ of our given formulayp, whereg is >-free (i.e. choose an innermost
>). As ¢ is >-free, it follows from Propositior8.6 that ¢ is semantically equivalent to a
formula in disjunctive normal form, and by the completenet&ozen’s axiom system
[23] this equivalence is provable FEL ,. By Nec2andGO it follows that>¢ is provably
equivalent to some formulaw) wherew) is a disjunctive formula. Thus without loss of
generalization, we may assume in the following thas in disjunctive normal form. We
may now proceed by induction over the complexitysofind conclude thate is logically
equivalent to a formula withoutr>. All cases of this induction are as before, we only show
the final two, different cases:

e pux.¢ iff px.>¢ (by G4 noting that all subformulas of a disjunctive formula arenthe
selves disjunctive); IH.
e prax.giff ve.>g (by G3); IH.

Replacing>¢ by x in v gives a result with one less-operator, to which the (original)
induction hypothesis applies. O

Theorem 5.3 The axiom schemBEL,, is sound and complete for the logi’

Proof. Soundness follows from Theorenl and Theorend.2. To seeFEL, is complete,
supposep is a valid formula. Then by Lemm&a2, ¢ is provably equivalent to some valid
formulay of £#. As is valid, it must be provable sindg K, F1, F2, Necl andMP give

a sound and complete proof system for the madahlculus R3]. A proof of ¢ follows by
MP. O

14
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6 Complexity

Both axiomatizations demonstrated the expressivity amiddbility of £, (expressively
equivalent toK) and £ (expressively equivalent tg#). Decidability for both follows
from the fact that a computable translation is given in thegleteness proofs. Note that
as the translations given are recursive and involve triangléormulas to disjunctive nor-
mal form, the translation is non-elementary in the size atheforiginal formula. In this
section we examine the complexity 6f, providing both an elementary upper bound and
a succinctness proof.

6.1 Upper-Bound

A decision procedure fof,, is given via a tableau. Given am§;, formula ¢, we describe a
tableau construction that either constructs a modepfar reports thap is not satisfiable.

Definition 6.1 A formulais in positive normal form if it is built from the fl@wing abstract
syntax.
az=T|Llp|plaralaValoa|Salra|ba

We note everyl, formula may be converted into positive normal form with &ne
change to the size of formula.

Tableau Definition:

Let ¢ be a formula in positive normal form. Suppose that each sohfta of ¢ is
uniguely indexed ag; for i = 0, ...m (thus, two identical subformulas appearing in differ-
ent places iy would be indexed differently). Let = {1, ...,m}, let C be the subformula
relation over these nodes (ga ¢ if and only if ¢; is a subformula ob;), and giverr C I,
leto" be thesefj € I | Ji € o, i C j}. Suppose also that = ¢,. The initial tableau,
Ty € p(p(1)) consists of the set of nodes, each of which is a subset éfsatisfying the
following conditions:

e if i € cande; = ¢; A ¢y theny, k € o,

e if i € cande; = ¢; V ¢ then eitherj € o ork € o,

o if i € o andg; = >g; or ¢; = »¢; thenj € o,

e ifi,j € o thenifg; = p, theng; # —p.

The tableau?’, is then successively pruned according to a game for each node

Definition 6.2 Let the two players b& and®(, ands be some node iff;,. We define the
pruning gameg(T,,, o) where each game position is a tugle, :) where® C 7,, and
1 € I. Fortwo set®,, 0, C T, we define®, C O, if and only if for everyd € O, there

is some®’ C ©; and some\ € O, wheref U Upeg/ p=A\

Init Player¢ selects som® C T,,, and then the initial state {©, 0).

Move given the stat¢O, i):
(i) if ¢; = »a;, A selects som®’ C O, and the new game position (©’, j),
(i) elseif; =paj, € selects som®' C O, and the new game position(®’, j),
(iii) elseif p; = ¢; N ¢, U selectsl € {j, k} and the new game position (8, £),
(iv) elseifg; = ¢; V ¢, € selectsl € {j,k} N o™ and the new state i, ().
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(v) elseifg; ¢ o andg; = O¢; or ¢; = Oj, the new state i§0, j).
Wins The game proceeds until no further move can be made. For syeime positior(©, i):
@) if ; =p, —p, T ori ¢ o, player& wins,
(i) elseifp; = L, player2l wins,
(i) elseif p; = O¢;, thenif for alld € ©, j € 0, then€ wins and otherwis@l wins,
(iv) elseifg; = ©¢;, then if for some) € ©, j € 6, then& wins and otherwis@l wins.

The next tableau is theh,,; = {0 € T, | € has a winning strategy i6(7,,,0)}.
We note that each game is easily determined since becauselif@mulag; is strictly
decreasing, there is a maximum af moves in any game. Furthermorg, is finite and
Tn+1 € Ty, so a fixed poinf™ is eventually reached. If for somec T we have) € o
the tableau reports thatis satisfiable, and otherwise it reportds unsatisfiable. We let
G(o) abbreviateG (7™, o).

The intuition behind this tableau is that each node reptesestate in the model, and
records which parts of the formutaare satisfied at that state. The semantics of-thad
» operator are captured by a game that is played at each staemmodel (i.e. successors
may be kept, pruned or split). To take a global view, the plsygge playing a game over
T,, where€ is trying to show a model fop exists, and( is trying to show that whichever
model¢ builds does not satisfy. Every time they get to a new state (i.e. they reach a game
position (©, i) wherei = O¢; or G¢;) they replay the series of moves that brought them
to that state, so that each player may select, in turn, reBn&sof the set of successors for
the new state.

Lemma 6.3 If the tableau reports thap is satisfiable, ther has a model.

Proof. Suppose thai™ is the final tableau, and € T* and¢ € . We build a model
M = (S,R,V) from T* whereS = T*, forall € S,if § € V(p) ifand only ifp € 6,
and for eactd € S, {¢ [(0,&) € R} is the first move of playe€’s winning strategy in the
gameg(6). By induction overy we may see that/, = ¢. For our inductive hypothesis
we assume ift has a winning strategy for the game positidq | (6,¢) € RM}, i), and

i € 0,thenMy = ¢;. LetdM be the set of successorsein the modell/.

(i) If i € 6 whereg; € {p,—p, T} thenMy = ¢;.
(i) If i € 6 wheregp; = ¢; A ¢, then€ must have a winning strategy for the game position

(OM, i) in G(F), so € must also have a winning strategy f@\/, ;) and a winning
strategy(6 M, k), so by the inductive hypothesis we havg = ¢;.

(i) If i € 6 whereg; = ¢; V ¢, then & must have a winning strategy for the game
position (M, 4) in G(#), so & must also have a winning strategy f@\/, j) or a
winning strategy fo6 M, k), so by the inductive hypothesis we havg = ¢;.

(iv) If i € 0 where¢; = O¢; then everys € M must havej € . Therefore€ has a
winning strategy from{(M, j) in G(§), so every successor @fsatisfiesy;.

(V) If i € 6 whereg; = O¢; then some € §M must havej € £. Therefore¢ has a
winning strategy from{¢M, 7) in G(§), so some successor @Batisfiesp;.

(vi) If i € 6§ whereg; = »¢;, then€ has a winning strategy in the gargéd) from the
game position(#M, i), so for everyA C M, player& has a winning strategy from
the game positior{4, j). Every refinement\/; of M, may be represented by the
restrictionsA¢ C £M for all € reachable fron®. As & has a winning strategy for all
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such game positions starting fro?, j) we haveM; = ¢; and the result follows.

(vii) If i € 0 whereg; = >¢;, thene has a winning strategy to select restrictiotlsC M
for all £ reachable fron®, in the gamej (&) so that she has a winning strategy from
the game positiof A%, j). Collecting these restrictions together we are able to defin
a single refinement/, of My for which € has a winning strategy froif# /', j), and
thus My |= ¢;.

By induction it follows that sinc& has a winning strategy f@ (o), M, = ¢. O
Lemma 6.4 If ¢ is satisfiable, then the tableau reports thfais satisfiable.

Proof. If ¢ is satisfiable, the has some model),. Seeing asp is equivalent to a
formula of £ we may assume thadt/; contains no infinite path$]. We usel; to build

a set of nodes in the tableau and define a winning strategy fioreach, ensuring they are
never pruned. The construction of the tableau mirrors theaséics ofL.. Given the set
of all refinements of\/ modulo bisimulation,M, and the states i§", we index a set of
nodes as:)’ wheret € SM and N € M. We ensure) € n and build up the nodes as
follows:

(i) if i € n andi = ¢; A ¢, theng, k € nlY,
(i) if i € n)¥ andi = ¢; V ¢, thenj € n if and only if N; = ¢;, andk € n}¥ if and
only if N; = ¢,
(iii) if i € n)Y andi = »¢;, then for allN] < N, j € n)¥' 3,
(iv) if i € n)¥ andi = b¢;, then for allN] < Ny, j € n" if and only if N} = ¢;,
(v) if i € n¥ andi = g¢;, then for allu where(t,u) € RY, j € n,
(vi) if i € n)¥ andi = ©¢j, then for allu where(t,u) € RY, j € nY if and only if
Ny l: (bj'
It is clear from the semantics @, that that for alli € n}¥, N; = ¢;. Let T be the set
of nodes{n; | nt = Up,<ur, ni¥}. Now &'s moves may be dictated by the mode,.
For the node;, the gamej(n;) simulates the set of formulas that must be true along the
path leading ta (whose index is not im; in the modelM), and the sets of formula true
at M, (whose index is im;). Throughout the play, playet records a tuplé¢ N, ) of the
current refinement and state that is being used to evaluvat®itimulag;, where the game
position is(©,4). Furthermore, at each step she may ensure@hapresents the set of
nodes{n, | (t,v) € RN}. As ¢ is guided by the semantic interpretationgfn M, her
recorded tuplé N, u) for the game positioni®, ) is such thatV,, = ¢;. If at the end of
play, u # t, then it will be the case that¢ n;, so player& wins. Otherwise, we will have
the game positioii®, 7) and either:
() ¢; € {T,p,—p} in which case® wins (L is not an option sincé/; (= 1); or
(i) ¢; = o¢; SON; = o¢; and thus for al where(t,u) € RN, N, = ¢; s0j € n,, =
© and¢ wins; or
(i) ¢; = ©¢; SON; = ©¢; and thus for some: where (t,u) € RN, N, = ¢; so
j € ny, = © and¢€ wins.

3 We assume, without loss of generality that every state inyaedinement is associated with a single state fi$f
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Therefore no node; € 7 is pruned from the tableau, and @s n, the tableau reports
that¢ is satisfiable. 0

Corollary 6.5 The satisfiability problem fo£,, can be determined in 2EXP time.

Proof. This follows directly from the tableau description.dlfis a formula of sizen, then
there at mos2™ nodes in the initial tableau. To do the pruning steps we mestch all
possible strategies fa# to see if any are winning strategies. As the players movesiav
sets of nodes, this takes tim@é". For each step we must examigig(c) for every node
o, and as the tableau are strictly decreasing, there are dt2ftasteps. Thus the overall
complexity is20(™). o

Itis not yet known whether this complexity bound is optintdbwever, below we show
that £, is exponentially more succinct thait*, which suggests that the 2EXP bound may
be optimal.

6.2 Succinctness

Here we use the refinement quantification to show thats able to express the property
that two binary trees are-bisimilar, with a formula of siz&)(n?). We will then show that
neitherK , nor £ are able to express this property in size less ).

The basic idea of this construction is to encode a pebble dantdsimulation game)
for showingn-bisimilarity, using the refinement quantification to eneqaayers moves.
We restrict our attention to complete binary trees labeliga single atomq that marks
a prefix closed subtree, and consider the property: “Theslgdftree marked by is n-
bisimilar to the right subtree marked ly. To enforce the binary nature of the tree we
suppose that there is an atdrthat labels each left successor, and we suppose- tisen
abbreviation for-¢. We may then refer to the left successor using the modal aialicns
(£)¢ for & (¢ A @), and likewise for the right successor. Note orientatioft leright) of a
successor does not affect whether two subtrees are bisimt&y are just used to ensure
that the rules of the game are followed.

Our intent is to encode a pebble game played [§pailer and aDuplicator. Each
player takes turns at selecting a successor (or moving dgjebbeither subtree. Spoiler
goes first, selecting a successor in either subtree (lefght)r wherea is true, and then
Duplicator must select a successor in the other subtreeewhisrtrue. If Spoiler is ever
unable to move Duplicator wins, and if Duplicator is unaldentove, Spoiler wins. If
Duplicator has a strategy to survive at leaghoves, then the left and right sub-trees must
ben-bisimilar [19].

In £, we simulate “selecting a successor” by taking a refinemeattldaves only the
left or right successor, but otherwise leave the tree intdc do this we introduce the
abbreviationtrunk,, to represent a (1-2)-tree where nodes of height lessithave only
a left successor, or only a right successor and nodes of thgiighter than or equal ta,
but less tham have a left successor and a right successor:

trunkzm:/\( “Wna)VO(rAa) /\ Y(OLNOT)
1=1 i=m
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QPQo Qpqe

left right

Fig. 4. The state of the game after four moves. The winningetiovSpoiler to play is to select the bold successor. Then no
matter what successor Duplicator picks, Spoiler may seleetof it's successors, leaving Duplicator with no move tkena

We can present the definition farbisimilarity recursively, where:

(Oytrunk; A (rytrunk;_q
B =p» vV — > [(O)trunk; A (r)trunk; A Bjy]

(rytrunk; A (€)trunk;_,

andB)! = ({)trunk, A (r)trunk,. Then the property of-bisimilarity is just equivalent
to BY.
A game scenario in presented in Figdce

Lemma 6.6 Let M, be a complete binary tree. TheWd, = B} if and only if the subtree
of the left node that is labelled hyis n-bisimilar to the subtree of the right node that is
labelled bya.

Proof. The proof follows the semantic encoding of a pebble gaméefeft and righta-
marked subtree are-bisimilar, then Duplicator has a winning strategy in thenga Thus

if My = BY, any move Spoiler makes corresponds to a refinement thatswakex
true at one branch, andunks true at the other. But for any move that Spoiler makes,
Duplicator may find a move (a refinement that makes: k- true for both subtrees) where
the remaining subtrees afe— 1)-bisimilar (and thud3} is true for the refined binary tree).
Applying the argument inductively, it follows that if thefleand righta-marked subtrees
aren-bisimilar, thenM; = BY.

Conversely, ifM, = B}, then we may extract a winning strategy for Duplicator in the
pebble game. Any move that Spoiler may make in the game wilkspond to a refinement,
M} that makegrunk; true at one subtree ardunks true at the other. A3/, = B, for
every such refinement, there is a further refineméft, that has bothu-marked subtrees
satisfyingtrunk,, and furthermore)M? |= B%. Therefore, Duplicator may chose to move
according to this bisimulation (i.e. by selecting which reseccessor was preserved in the
refinement). As\/; = B, Duplicator’s strategy is guaranteed to last at leastoves and
thus the left and right-marked subtrees arebisimilar. O
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Lemma 6.7 No formula of the modali-calculus can express the property @f + 1)-
bisimilarity in size less tha@™ /4.

Proof. We note that there are roughy” non-bisimilar (1,2)-trees of height + 1. The
actual number is specified by the recurrerf¢e) = (f(n — 1)2 + f(n — 1))/2 where
f(0) = 2 and a simple induction will show that(n) > 22"/4. As every formula of the
p-calculus is expressively equivalent to an alternatingatton of equal size, if a formula
of size less thaR™ /4 were able to express+ 1-bisimilarity then an alternating automaton
of size less tha" /4 would be able to accept all pairs of subtrees thatatel-bisimilar.
Given the 2-player parity game that results from applyirgdhernating automaton to any
we may associate with every distinct sub-tree (up to bisatharh) the set of automaton
states for which the automaton player has a winning strafemy that state in the the
subtree. As there are more thzfi/4 non-bisimilar subtrees and less thzy 4 states, there
must be two non-bisimilar subtre€s; and T, for which an automaton winning strategy
exists for exactly the same set of states. The alternatitgraion would not be able to
distinguish the case whef is the left successor arf, is the right successor (which it
cannot accept), and the case wheéses the left and right successor (which it does accept).
Therefore, any formula that expresses- 1-bisimilarity for (1, 2)-trees must have at least
2" /4 subformulas. O

Corollary 6.8 L, is exponentially more succinct thah

Proof. From the lemmas above, is able to express-bisimilarity with a formula of
sizeO(n?), while £ requires a formula of siz2" /4 at least. The quadratic growth of the
L, formula is cancelled out by by a constant in the exponent efgitowth rate of theC
formula, so we may find a family of formulas ., such that for a formula of size, the
smallest equivalent formula is bound below bg®™). O

We note this proof applies without change to sh@vis exponentially more succinct than
LH.

7 Discussion and perspectives

The logic L, is presented with respect to the class of all epistemic nsod&} restricting
the class of models the logic is interpreted over we may #ssodifferent meanings with
the modalities. For example, the epistemic lo§ieis interpreted over all models where
the accessibility relation is reflexive, transitive and syatric (we will denote this class
S5), and the logidK4 is interpreted over all models with a transitive accessjbiklation
(denotedK'4). Given any class of model&, we define the logicCS to be as in SectioB
except:

(i) The interpretation is restricted to models in the cl@ss
(i) The semantic interpretation ®f is given by:

M E woiffforall M., € C: M =, M., implies M., = ¢.

A study of how various classes of models affect the propeuiebisimulation quantified
logics is given in LL1]. For the effect of varying classes of models on the axioraétin
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given, we note that while the schenfr&L is sound forL,, it is not the case that the
axiomGK is sound for restricted classes of models. For example icldss of reflexive,
transitive and symmetric models (i.85 frames) we have>rgp A O>—Op IS consistent,
but>V (op, ~ap) is not. In future work we will examine axiomatizations andrgmexity
for refinement quantifiers in logics such®s KD45 andK4.
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