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Abstract—In this paper, a new approach for the development
of planar metamaterial structures is developed. For this pur-
pose, split-ring resonators (SRRs) and complementary split-ring
resonators (CSRRs) coupled to planar transmission lines are
investigated. The electromagnetic behavior of these elements, as
well as their coupling to the host transmission line, are studied,
and analytical equivalent-circuit models are proposed for the
isolated and coupled SRRs/CSRRs. From these models, the
stopband/passband characteristics of the analyzed SRR/CSRR
loaded transmission lines are derived. It is shown that, in the long
wavelength limit, these stopbands/passbands can be interpreted as
due to the presence of negative/positive values for the effective ¢
and o of the line. The proposed analysis is of interest in the design
of compact microwave devices based on the metamaterial concept.

Index Terms—Duality, metamaterials, microwave filters, split-
ring resonators (SRRs).

I. INTRODUCTION

N RECENT years, there has been a growing interest for the

design of one-, two-, and three-dimensional artificial struc-
tures (also called metamaterials) with electromagnetic proper-
ties generally not found in nature. Among them, special atten-
tion has been devoted to double-negative media. These are artifi-
cial periodic structures composed of sub-wavelength constituent
elements that make the structure behave as an effective medium
with negative values of permittivity (¢) and permeability () at
the frequencies of interest. The properties of such media were
already studied by Veselago [1] over 30 years ago. Due to the
simultaneous negative values of ¢ and pu, the wave vector k
and the vectors E and H (the electric- and magnetic-field in-
tensity) form a left-handed triplet, with the result of antipar-
allel phase and group velocities, or backward-wave propagation.
Due to left-handedness, exotic electromagnetic properties are
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expected for left-handed metamaterials (LHMs); namely, inver-
sion of the Snell law, inversion of the Doppler effect, and back-
ward Cherenkov radiation. It is also worth mentioning the con-
troversy originated four years ago from the paper published by
Pendry [2], where amplification of evanescent waves in LHMs
is pointed out [3]-[6].

In spite of these interesting properties, it was not until 2000
that the first experimental evidence of left-handedness was
demonstrated [7]. Following this seminal paper, other artifi-
cially fabricated structures exhibiting a left-handed behavior
were reported [8]-[11] including the experimental demon-
stration of negative refraction [12]-[14] and backward wave
radiation [15]. The original medium proposed in [7] consists
of a bulky combination of metal wires and split-ring resonators
(SRRs) [16] disposed in alternating arrows. However, SRRs are
actually planar structures, and wires can be easily substituted by
metallic strips [8]. Therefore, the extension of these designs to
planar configurations can be envisaged [17], [18], thus, opening
the way to new planar microwave devices. In fact, in coplanar
waveguide (CPW) technology, miniaturized stopband [19] and
bandpass filters [20] have been recently reported by some of the
authors. In these implementations, SRRs are etched in the back
substrate side, underneath the slots, to achieve high magnetic
coupling between line and rings at resonance. The presence of
the rings leads to an effective negative-valued permeability in
a narrow band above resonance, where signal propagation is
inhibited. By simply adding shunt metallic strips between the
central strip and ground planes, the authors have demonstrated
the switch to a bandpass characteristic [18], [20]. This effect
has been interpreted as due to the coexistence of effective
negative permeability and permittivity (the latter introduced by
the additional strips) [18].

In microstrip technology, SRRs etched in the upper substrate
side, in proximity to the conductor strip, have been found to
provide similar effects [21]. Broad-band negative-u media in
microstrip technology can also be fabricated by periodically
etching series gaps in the conductor strip [11], [22]-[26]. How-
ever, the implementation of an associated effective negative ¢
requires the use of shunt inductances, which are associated to
metallic vias to the ground [11], [22]-[26]. Now, a key question
arises: is it possible to conceive the dual counterpart of SRRs?
If so, an effective negative permittivity could be introduced in
microstrip devices by using this concept. In a recent paper [27],
it was demonstrated by some of the authors that by periodically
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Fig. 1. Topologies of the: (a) SRR and (b) CSRR, and their equivalent-circuit
models (ohmic losses can be taken into account by including a series resistance
in the model). Grey zones represent the metallization.

etching the negative image of SRRs in the ground plane of a mi-
crostrip line underneath the conductor strip, a narrow stopband
appeared at approximately the resonant frequency of a conven-
tional SRR of identical dimensions etched on the same substrate.
The stopband characteristic obtained in the above-cited struc-
ture was interpreted as due to a negative effective permittivity
introduced by these new elements, electrically coupled to the
host transmission line. For the reasons that will be explained in
Section II, these new elements have been termed as complemen-
tary split-ring resonators (CSRRs) (see Fig. 1). More recently,
it has been shown that, by periodically etching capacitive gaps
along the aforementioned CSRR-loaded microstrip line, the re-
ported stopband switches to a passband [28], [29]. This effect
has been interpreted as due to a left-handed behavior of the line.

In summary, by properly coupling SRRs and/or CSRRs to
a host planar transmission line (CPW or microstrip), planar
structures with effective negative constituent parameters can
be obtained. By adding shunt strips and/or capacitive gaps, a
left-handed behavior is achieved. These structures are fully
planar (i.e., without vias or other no-planar objects) and can be
easily fabricated by using standard photo-etching techniques.
The main purpose of this paper is to provide a simple and
analytical technique for the design of these structures. This
technique is based on lumped-element circuit models, able to
describe the elements and their coupling to the host transmis-
sion lines, as well as on analytical formulas to determine the
main circuit parameters for these models. As a consequence
of this analytical approach, the proposed circuit models can be
directly programmed and run in a PC station with negligible
computation time. Therefore, the proposed approach can pro-
vide useful ab initio calculations on the physical behavior of
the analyzed structures. Although today almost all microwave
designers are equipped with useful simulation tools, able to
analyze the studied structures, such an approach to the design
could be time consuming and blind. Therefore, we feel that
the analytical tools presented in this paper will be useful for
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numerous workers in the field, at least as a first approach to
the design (of course, conventional commercial simulation
tools will also take a place in this approach as a second-order
approximation and fine-tuning tools). Comparison between the
frequency responses provided by the proposed analytical circuit
models and those experimentally obtained from fabricated
SRR- and CSRR-loaded planar transmission lines are also
provided in this paper. A satisfactory agreement between the
proposed analytical models and reported experimental results
is shown in all cases.

II. ELECTROMAGNETIC BEHAVIOR OF SRRs AND CSRRs

A. Physics of SRRs and CSRRs and Its
Equivalent-Circuit Models

The electromagnetic properties of SRRs have been already
analyzed in [30] and [31]. This analysis shows that SRRs be-
have as an LC resonator that can be excited by an external mag-
netic flux, exhibiting a strong diamagnetism above their first res-
onance. SRRs also exhibit cross-polarization effects (magneto-
electric coupling) [31] so that excitation by a properly polarized
time-varying external electric field is also possible. Fig. 1 shows
the basic topology of the SRR, as well as the equivalent-circuit
model proposed in [30]. In this figure, C, stands for the total ca-
pacitance between the rings, i.e., C, = 277,Cpyy1, Where Cpy is
the per unit length capacitance between the rings. The resonance
frequency of the SRR is given by f, = (L.C,)~'/?/2r, where
C, is the series capacitance of the upper and lower halves of the
SRR, i.e., Cs = C,/4. The inductance L can be approximated
by that of a single ring with averaged radius r, and width ¢ [30].

If the effects of the metal thickness and losses, as well as
those of the dielectric substrate are neglected, a perfectly dual
behavior is expected for the complementary screen of the SRR
[28]. Thus, whereas the SRR can be mainly considered as a res-
onant magnetic dipole that can be excited by an axial magnetic
field [30], the CSRR (Fig. 1) essentially behaves as an elec-
tric dipole (with the same frequency of resonance) that can be
excited by an axial electric field. In a more rigorous analysis,
the cross-polarization effects in the SRR [30], [31] should be
considered and also extended to the CSRR. Thus, this last ele-
ment will also exhibit a resonant magnetic polarizability along
its y-axis (see Fig. 1) and, therefore, its main resonance can also
be excited by an external magnetic field applied along this di-
rection [28]. These features do not affect the intrinsic circuit
model of the elements, although they may affect its excitation
model. The intrinsic circuit model for the CSRR (dual of the
SRR model) is also shown in Fig. 1. In this circuit [32], the in-
ductance L of the SRR model is substituted by the capacitance
C. of a disk of radius 7, — ¢/2 surrounded by a ground plane
at a distance c of its edge. Conversely, the series connection of
the two capacitances C/2 in the SRR model is substituted by
the parallel combination of the two inductances connecting the
inner disk to the ground. Each inductance is given by L,/2,
where L, = 2mr,Ly,, and Ly, is the per unit length induc-
tance of the CPWs connecting the inner disk to the ground. For
infinitely thin perfect conducting screens, and in the absence of
any dielectric substrate, it directly follows from duality that the
parameters of the circuit models for the SRRs and CSRRs are
related by C. = 4(e,/po) Ls and Cy = 4(g, /110 ) Lo. The factor
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Fig. 2. Sketch of the electric- and magnetic-field lines in the SRR (left-hand
side) and the CSRR (right-hand side). (a) Electric-field lines in the SRR at
resonance. (b) Magnetic-field lines in the dual CSRR. (c) and (d) Magnetic- and
electric-field lines in the SRR and CSRR, respectively. (e) Magnetic induction
field in the equivalent ring inductance used for the computation of L in the
SRR [27]. (f) Electric field in the dual equivalent capacitor proposed for the
computation of C', for the CSRR.

of 4 appearing in these relations is deduced from the different
symmetry properties of the electric and magnetic fields of both
elements, as is sketched in Fig. 2. From the above relations, it
is easily deduced that the frequency of resonance of both struc-
tures is the same, as is expected from duality.

The proposed analysis can be easily extended to other planar
topologies derived from the basic geometry of the SRR [33].
Some examples are shown in Fig. 2. It is worth noting that
some of these topologies do not exhibit cross-polarization ef-
fects and, hence, these effects are also absent in their comple-
mentary counterparts. The proposed equivalent circuits for these
topologies, as well as for their complementary configurations,
are also shown in this figure. The nonbianisotropic split-ring
resonator (NB SRR) is a slight modification of the basic SRR
topology, which shows a 180° rotation symmetry in the plane of
the element. As a consequence of this symmetry, cross-polariza-
tion effects are not possible in the NB SRR. However, the equiv-
alent-circuit model and resonant frequency of the NB SRR are
identical to those of the SRR. The double-slit SRR (D SSR) also
presents the aforementioned symmetry, thus avoiding cross po-
larization. However, the D-SSR equivalent circuit differs from
that of the SRR, being the frequency of resonance twice than
that of the SRR (of identical size). Finally, the spiral resonator
(SR) [34], as well as the double spiral resonator (DSR) [32] al-
lows for a reduction of the resonant frequency with respect to
the SRR, as can be seen from its proposed equivalent circuits.

It has been already mentioned that the behavior of SRRs and
CSRRs (as well as their derived geometries) are strictly dual for
perfectly conducting and infinitely thin metallic screens placed
in vacuum. However, deviations from duality—which may give
rise to a shift in the frequencies of resonance—arise from losses,
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Fig. 3. Sketch of the: (a) electric- and (c) magnetic-field lines of an SRR on a
dielectric substrate. (b) Magnetic- and (d) electric-field lines of a similar CSRR
on the same dielectric substrate are also sketched.
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Fig. 4. Topologies corresponding to: (a) the NB SRR, (b) the D SRR, (c) the
SR, and (d) the DSR. The equivalent circuits for these topologies are depicted
in the second column, while the circuits models for the complementary
counterparts are represented in the third column.

finite width of metallizations, and the presence of a dielectric
substrate. The latter is expected to be the main cause of devia-
tions from duality. This fact is due to the variations of the ele-
ments of the CSRR circuit model, C.. and L,, from the values
extracted from the SRR circuit model parameters C, and L,
by duality (C. = 4(e,/10)Ls, and Cy = 4(e,/10)Lo). As is
sketched in Fig. 3, these variations arise directly from the pres-
ence of a dielectric substrate, which affects C,. and C,, but leave
L and L, unaltered. Similar deviations from duality arise in the
derived topologies shown in Fig. 2.

Analytical expressions for Ly and Cj in the SRR when a di-
electric substrate is present were provided in [30]. As we have
already mentioned, the capacitance C. in Figs. 1 and 4 is that
corresponding to a metallic disk of radius r, — ¢/2 surrounded
by a ground plane at a distance ¢ (see Fig. 1). An analytical
approximate expression for C. when a dielectric substrate is
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Fig. 5. Capacitance of the CSRR is approximately equal to that corresponding
to a metallic disk of radius @ = ro — ¢/2 surrounded by a ground plane at a
distance b — a = c, being 7, the averaged radius of the CSRR, and c, the width
of the slots in this. The dielectric substrate is characterized by its permittivity &
and thickness k.

present (see Fig. 5) is derived in the Appendix . The final ex-
pression is

7T3€0
C.= =
5
+oo  [hB(kb)—aB(ka)]? [1 [ 1T toh(kh)
X / dk 5 P E L= —
Jo k 1+ = tgh(kh)
€
(D
where the meaning of the different symbols is explained in the
Appendix.

The inductance L, in Figs. 1 and 4 is that corresponding to
a circular CPW structure of length 277, strip width d, and slot
width c. For the present purposes, the design formulas given in
[35] for the per unit length CPW inductance provide enough
accuracy and have been used in all numerical computations
throughout this study.

B. Numerical Calculations and Experimental Validation

The effect of the dielectric substrate in the frequency of reso-
nance of the CSRR and SRR is shown in Fig. 6. As is expected,
there is no difference for the two limiting values of a zero and
an infinite substrate thickness. However, significant differences
in the values of the frequency of resonance for both elements
can be observed for intermediate thicknesses.

The accuracy of the circuit models for the SRR and its de-
rived geometries (see Figs. 1 and 4) has been already experi-
mentally checked in some previous papers [30], [33], [34]. In
order to experimentally verify the accuracy of the proposed cir-
cuit models for the CSRR and derived geometries, a set of these
resonators with different topologies were etched on a metal-
lized microwave substrate and its frequencies of resonance were
measured. Their dual counterparts were also manufactured and
measured for completeness. The resonant frequencies were ob-
tained from the transmission coefficient So;, measured in a rect-
angular waveguide, properly loaded with the corresponding ele-
ment [32]. The waveguide was excited in the fundamental TEg;
mode and connected to an Agilent 8510 network analyzer. The
SRRs or derived geometries were placed in the central E-plane
so that they were excited by the magnetic field perpendicular
to the element plane. Their dual counterparts were etched in the
top wall of the waveguide, being excited by the electric field per-
pendicular to the element plane. Fig. 7 shows the transmission
coefficients for an SRR and an NB SRR with identical geomet-
rical parameters, as well as the same coefficients for its duals
[CSRR and complimentary NB SRR (C-NB SRR)]. It can be
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Fig. 6. Numerical calculations showing the dependence of the resonant
frequency of SRRs (solid lines) and CSRRs (dashed lines) on the substrate
parameters. (a) Dependence on the dielectric thickness for different values of
the relative permittivity of the substrate (shown at right). (b) Dependence on
the value of the relative dielectric constant for different substrate thickness (in
millimeters).

easily seen that the SRR and NB SRR have the same frequency
of resonance (the small shift can be attributed to tolerances in
the manufacturing process). The same can be said for its com-
plementary elements. Fig. 8 illustrates the cross-polarization ef-
fects in the SRR, as well as the absence of these effects in the
NB SRR (this last element is not excited in positions 3 and 4),
as is predicted by the theory [33]. This figure also shows that
the magnetic excitation is by far the most efficient for the SRR.
From duality, it can be deduced that the electric excitation will
be the dominant one for the CSRR. Finally, the frequencies of
resonance for different configurations, measured following the
method illustrated in Fig. 7, are shown in Table I [32]. The
theoretical values shown in this table were obtained from the
proposed circuit models (see Figs. 1 and 4). As can be seen, a
reasonable agreement between theory and experiment was ob-
tained. It is remarkable that the CSRRs always resonate at fre-
quencies slightly higher than those of the SRRs. This effect is
sharper for the higher dielectric constants.

III. LUMPED-ELEMENT CIRCUIT MODELS FOR SRRs AND
CSRRs COUPLED TRANSMISSION LINES

Let us now focus on finding the equivalent-circuit models
corresponding to transmission-line structures periodically
loaded with SRRs or CSRRs. These models should describe the
host transmission line, resonators (SRR or CSRRs), and their
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Fig. 7. Frequency response obtained in a rectangular waveguide loaded with
SRRs and NB SRRs, as well as its dual counterparts (CSRR and C-NB SRR).
The method of excitation is sketched in the inset of this figure. The elements
parameters are those of Table I.
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Fig.8. (a) Experimental demonstration of the cross-polarization effects in the
SRR. Position 1: electric and magnetic excitation. Position 2: only magnetic
excitation. Position 3: only electric excitation. Position 4: no excitation. The
behavior of the NB SRR under the same excitations is shown in (b). The absence
of electric excitation (3 and 4) shows the absence of cross-polarization effects
at resonance.

coupling. It has been indicated that the basic SRR and CSRR
topologies (Fig. 1) exhibit cross-polarization effects. This
means that both SRRs and CSRRs can be magnetically and/or
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TABLE 1
MEASURED AND THEORETICAL VALUES FOR THE FREQUENCY OF RESONANCE.
THE RESONATORS ARE PRINTED ON A SUBSTRATE WITH THICKNESS
t = 0.49 mm AND RELATIVE PERMITTIVITY &, = 2.43. THE PARAMETERS OF
RINGS, NAMED JUST AS IN FIG. 1, ARE () vy = 1.7 mm, ¢ = d = 0.2 mm;
() g =355 mm,c = d = 0.3 mm

Conventional Complementary
]"Olh f‘oexp folh foexp

(GHz) (GHz) (GHz) (GHz)
SRR! 7.17 7.40 7.49 8.00
NB-SRR! 7.17 7.56 7.49 8.14
DSR! 5.07 5.05 5.30 5.49
SR2! 3.59 3.78 3.75 4.07
SRR? 3.33 3.40 3.56 3.77
DSRR2 6.66 617 712 741

electrically excited if the rings are properly oriented. However,
it has been verified (see Fig. 8) that magnetic/electric cou-
pling are the dominant coupling mechanisms in SRRs/CSRRs.
Therefore, cross-polarizations effects can be ignored in a
first-order approximation (this assumption will be strictly valid
for NB SRRs and other nonbianisotropic configurations). As
discussed in Section II, to properly excite SRRs by means of
a time-varying magnetic field, a significant component in the
axial direction is required. This makes the CPW structure the
preferred host transmission line for SRRs excitation. It was
previously shown by the authors [18]-[20] that by etching the
SRRs in the back substrate side, underneath the slots, high
magnetic coupling is achieved. Alternatively, SRRs can be
etched in the upper substrate side, between signal and ground,
but this requires very wide slots to accommodate the rings and
produces significant mismatch [36]. In contrast, since CSRRs
require electric coupling, with a significant component of the
electric field perpendicular to the CSRRs surface, microstrip
lines with rings etched in the ground plane (below the conductor
strip) are more convenient [27], [28]. This do not mean that
CPW structures should be ruled out, although electric coupling
to CSRRs is softer (in comparison to microstrip) and rejection
in the vicinity of the resonant frequency is degraded.

Due to the small electrical dimensions of SRRs and CSRRs
at resonance, the structures (CPW or microstrip loaded lines)
can be described by means of lumped-element equivalent cir-
cuits. For the SRR loaded transmission line, the proposed equiv-
alent-circuit model is shown in Fig. 9(a) [18], [19]. L and C are
the per-section inductance and capacitance of the line, while the
SRRs are modeled as a resonant tank (with inductance L and
capacitance C) magnetically coupled to the line through a mu-
tual inductance, M. Due to the symmetry of the structure, the
magnetic wall concept has been used and the circuit shown in
Fig. 9(a) actually corresponds to one-half of the basic cell. The
equivalent impedance of the series branch can be simplified to
that shown in the circuit of Fig. 9(b) [18], which is formally
identical to the series impedance corresponding to a left-handed
transmission line [23]-[26] (in that region where the total series
impedance is capacitive). From the circuit of Fig. 9(b), the dis-
persion relation can be easily obtained as follows:

2 /
cos(Bl)=1-— Low + C 5 (2)

2 w;
4( ‘ﬁ)
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C/4
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Fig. 9. (a) Lumped-element equivalent circuit for the basic cell of the SRR
loaded transmission line. (b) Simplified circuit with the series branch replaced
by its equivalent impedance.

Fig. 10. Layout of the fabricated SRR loaded CPW structure drawn to scale.
SRR dimensions: ¢ = d = 0.2 mm and 7, = 1.9 mm. Adjacent ring pairs are
separated 5 mm. The strip and slots widths (W = 5.4 mm and G = 0.3 mm)
have been determined to achieve a 50-€2 line. The structure has been fabricated
on an Arlon 250-LX-0193-43-11 substrate with thickness 2 = 0.49 mm and
dielectric constant ¢,, = 2.43. Actual device length (including access lines) is
35 mm.

with C! = L,/(M*w?), L' = C,M?w2, and w? =
1/(LsCs) = 1/(L.CL). (B is the propagation constant for
Bloch waves and [ is the period of the structure. For an
SRR-loaded CPW structure, line parameters (L and C') can
be determined from a transmission-line calculator, L, and C,
from the aforementioned SRR circuit model, and M can be
inferred from the fraction f of the slot area occupied by the

rings according to
M =2L-f. 3)

These circuit elements have been calculated for the structure
shown in Fig. 10 (a CPW with pairs of SRRs etched in the back
substrate side). The dispersion relation for the corresponding in-
finite periodic structure is depicted in an w—( diagram in Fig. 11.
A frequency gap around the theoretical frequency of resonance
of the rings (fo = 7.68 GHz) is observed. The explanation is the
following: in a narrow region starting at f,, the series impedance
in Fig. 9(b) becomes negative and signal propagation is inhib-
ited. In contrast, just below the resonance, the series impedance
is highly inductive, and makes the second term in (2) positive
and higher than unity. The result is a stopband around f,, with
a level of rejection that depends on the number of SRR pairs
etched in the line.

It was previously reported [18] that the aforementioned stop-
band can be switched to a passband by periodically inserting
metallic strips between the central CPW strip and ground planes
(Fig. 12). These additional strips make the structure to behave
as a microwave plasma with a negative effective permittivity
below the plasma frequency [15]. If this frequency is above the
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Fig. 11. Theoretical (solid lines) and simulated (dashed lines) dispersion
diagram for the infinite periodic SRR—CPW structures with unit cells identical
to those shown in Figs. 10 and 12.

OO

Fig. 12. Layout of the fabricated SRR loaded CPW structure with shunt metal
strips, drawn to scale. Dimensions are identical to those of Fig. 10 and the width
of the shunt strips is 0.2 mm.

resonant frequency of the SRRs, a narrow passband with back-
ward wave propagation is expected in that region where nega-
tive effective permittivity and permeability coexist (i.e., above
the resonant frequency of the rings). The strips can be modeled
by shunt connected inductances L,, that should be added to the
shunt impedance of the circuit of Fig. 9. From this circuit, the
dispersion relation can be calculated [18], i.e.,

1 Ly
Lyw— — el
—a7r w— “)
4L, e 1
C ® Clw

cos(pl) =1—

and represented in an w—0 diagram (Fig. 12). In practical com-
putations, L, can be estimated from the simulated frequency
response of the strip-loaded CPW (SRRs removed), where the
plasma frequency is given by the resonator composed by C
and L,. A narrow passband is present above the resonant fre-
quency of the SRRs. The propagation constant for Bloch waves
() decreases with frequency, which is indicative of antiparallel
phase and group velocities, and is, therefore, in agreement with
the theory. It is worth noting that (4) can be deduced from (2)
by simply changing the line capacitance C in (2) by the effec-
tive capacitance associated to the parallel connection of C' and
the strip inductance L,,, which is negative below the aforemen-
tioned plasma frequency. Thus, in the long wavelength limit
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L/2 i L/2

C
Le Ce

Fig. 13. Lumped-element equivalent circuit for the basic cell of the CSRR
loaded microstrip line.

(when Sl is very small, i.e., at the upper frequencies), the pass-
band can be associated to the simultaneous presence of a neg-
ative series impedance and a negative shunt admittance along
the line, i.e., to the simultaneous presence of negative effective
e and p [24], [26]. It is worth noting that the upper frequency
limit of the passband for the structure of Fig. 12 coincides with
the lower frequency limit of the stopband for the structure in
Fig. 10. This fact is consistent with the aforementioned inter-
pretation: in the long wavelength limit, the structure of Fig. 10
presents an effective negative p and an effective positive €.

The dispersion diagrams, computed from electromagnetic
simulations (using the Agilent Momentum commercial soft-
ware) are also shown in Fig. 11. In agreement with the theory,
both the theoretical and simulated passbands for the structure
of Fig. 12 are located inside the corresponding stopbands for
the structure of Fig. 10, and the upper limit of the passband for
the structure in Fig. 12 coincides with the lower limit of the
upper stopband for the structure in Fig. 10. There is a small
shift in frequency between theory and simulations, which is
usual in this kind of resonant structures [7].

Let us now analyze the CSRR loaded transmission lines.
Since CSRRs are etched in the ground plane, and they are
mainly excited by the electric field induced by the line, this
coupling can be modeled by series connecting the line ca-
pacitance to the CSRRs. According to this, the proposed
lumped-element equivalent circuit for the CSRR loaded trans-
mission line is that depicted in Fig. 13.

Again, L and C' are the per-section inductance and capaci-
tance of the line, while L. and C. model the CSRR, as has been
previously shown. From the circuit of Fig. 13, the dispersion re-
lation can be obtained by simple calculation as follows:

L
cos(fl) =1+ 5)
) L. 1
w?  Cuw?
1— 2
wg

where w, = 27 f, = (L.C.)~'/? is the angular resonant fre-
quency of the CSRRs. Inspection of (5) points out the presence
of a frequency gap in the vicinity of f,. This is confirmed by
the theoretical dispersion relation (see Fig. 14) corresponding
to the structure depicted in Fig. 15, a 50-2 microstrip line with
CSRRs etched in the back side metal (ground plane) [25]. In
theoretical calculations, L and C have been inferred from a
transmission-line calculator, while L. and C. have been ob-
tained according to the model described in Section II. In the fre-
quency interval delimited by f, (upper limit) and f. = [L.(Cs+
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frequency (GHz)

Bl/r (rad)

Fig. 14. Theoretical (solid lines) and simulated (dashed lines) dispersion
diagram for the infinite CSRR- microstrip structures with unit cells identical
to those shown in Figs. 15 and 16. The mismatch between the stopbands and
passbands is due to the different dimensions of the CSRRs in Figs. 15 and 16.

Fig. 15. Layout of a 50-{2 microstrip line with CSRRs etched on the back
substrate side. Dielectric substrate is Rogers RO3010 (h = 1.27 mm,
e, = 10.2). CSRR dimensions are ¢ = d = 0.3 mm, 7exty = 3.0 mm and
the periodicity is 7 mm. The conductor strip has a width of W = 1.2 mm
corresponding to a characteristic impedance of 50 €2.

Fig. 16. Layout of a 50-€2 microstrip line with CSRRs etched on the back
substrate side and series gaps etched in the conductor strip. Dimensions and
substrate are as those reported in Fig. 15, except for the external radius of the
CSRRs, which has been set to 2.5 mm and periodicity, which is now 6 mm.

C)]~*/2 /2 (lower limit), the shunt impedance is dominated by
the tank inductance, and the structure behaves as a one-dimen-
sional effective medium with negative permittivity. Therefore,
propagating modes are precluded in this frequency band. When
the discrete nature of the structure is explicitly taken into ac-
count, it is realized that the rejection band should extend slightly
below f. due to the extreme values of the shunt admittance in a
narrow band below this frequency.

In order to obtain a left-handed transmission line based on
CSRRes, it is now necessary to introduce an effective negative-
valued permeability to the structure. This can be achieved by pe-
riodically etching capacitive gaps in the conductor strip at pe-
riodic positions (see Fig. 16) [22]-[26]. These gaps provide a
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Insertion loss measured on the fabricated prototypes (solid lines) and results obtained from the equivalent-circuit models (dashed lines). (a) SRR loaded

CPW without shunt strips. (b) SRR loaded CPW with shunt strips. (c) CSRR loaded microstrip lines without series gaps. (d) CSRR loaded microstrip lines with

series gaps.

negative effective permeability up to a frequency that can be

tailored by properly designing the gap dimensions. If this fre-

quency is set above f,, a narrow left-handed transmission band

is expected. The dispersion relation of the CSRR transmission

line with series gaps is deduced from the equivalent circuit as
1

Cow

9 Lew 1

< 1-L.C.w? Cw)
where Cy is the gap capacitance. Again, the w—3 representa-
tion is indicative of left-handed wave propagation in the allowed
band (see Fig. 14). The gap capacitance C; can be inferred from
the cutoff frequency of the structure without CSRRs since this
cutoff frequency is given by the frequency of resonance of the
resonator formed by the line inductance L and the gap capac-
itance C,. The simulated dispersion diagrams for the infinite
periodic structures with unit cells identical to those of Figs. 15
and 16 are also shown in Fig. 14. The mismatch between the
stopbands and passbands is due to the different periodicity and
dimensions of the CSRRs in both structures.

It is worth noting that all the parameters of the proposed
equivalent circuits, used in our theoretical computations, have
been either inferred from the analytical SRR or CSRR models
(Ls, Cs, L., and C,) or estimated from independent physical
arguments (M, C, Ly, and Cy). Thus, the reported models are

Lw —

cos (Bl) =1+ (6)

self-consistent and do not rely on any kind of parameter adjust-
ment external to the model.

IV. COMPARISON WITH EXPERIMENTAL DATA AND DISCUSSION

The measured frequency responses for the previous finite
size structures (Figs. 10, 12, 15, and 16, respectively) have
been measured and the results are shown in Fig. 17 (the Agilent
8722ES vector network analyzer has been used for the measure-
ments). The SRR loaded CPW structures were manufactured
on an Arlon 250-LX-0193-43-11 thin dielectric substrate in
order to obtain high inductive coupling between line and
rings. For the CSRR loaded microstrip lines, a high-permit-
tivity Rogers RO3010 dielectric substrate was used in order
to enhance capacitive couplings. The comparison between
theoretical and experimental results (see Fig. 17) shows that
the proposed circuit models predict the stopbands/passbands
with a reasonable accuracy. The bandwidth seems to be better
predicted for the microstrip CSRR devices than for the CPW
SRR ones. However, the location of the stopbands/passbands
is better evaluated in the SRR loaded CPWs than in the CSRR
loaded microstrip lines. These results are consistent with the
discrepancies and correspondences between theory and simula-
tions reported in Section III. More theoretical and experimental
research is needed to explain these discrepancies. However, the
agreement between theory and experiments shown in Fig. 17
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is actually noticeable. If we mainly take into account that the
effects of the coupling between adjacent SRRs or CSRRs, as
well as the eventual modification of the SRR/CSRR behavior
by the proximity of the line, are not taken into account in the
models. This fact seems to confirm that the SRRs and CSRRs
behave as almost closed structures, only tightly coupled to
the external lines. Finally, in order to evaluate the effect of
cross-polarization [31] (not taken into account in the circuit
model for the coupling between SRRs/CSRRs and lines), we
have simulated the different measured structures, but with the
SRRs/CSRRs rotated by 90°. The obtained results (not shown)
do not substantially differ from the results shown here. This
fact seems to demonstrate that cross-polarization effects can be
actually neglected in the analyzed structures, although they are
crucial for other devices such as frequency-selective surfaces
[28].

V. CONCLUSIONS

An analytical procedure for the study of a family of
planar structures with negative effective parameters, including
left-handed behavior, has been presented in a unified way. The
analyzed structures are based on the coupling of SRRs and
CSRRs to conventional planar lines. They are fully planar,
i.e., they neither incorporate vias, nor other nonplanar inserts,
and can be implemented in both CPW and microstrip tech-
nology. They can also incorporate modifications of the basic
SRR/CSRR geometry. This research has been specifically
devoted to obtain analytical tools for the ab initio analysis of
these structures. To this end, we have first studied the physics
of the isolated SRR and CSRR and we have inferred their
equivalent-circuit models. The frequencies of resonance ob-
tained from these circuit models have been compared to those
obtained experimentally, and a satisfactory agreement has
been found. The coupling between planar transmission lines
and SRRs/CSRRs has been modeled by means of a mutual
inductance and a shunt capacitance, respectively. From the
resulting equivalent circuits, the behavior of periodic and finite
structures has been inferred. Four structures were considered:
two CPW structures coupled to SRRs (with and without shunt
metal strips) and two microstrip lines loaded with CSRRs (with
and without series gaps). The qualitative behavior of these
structures was shown to be in agreement with the previously
reported theory of effective media with negative parameters. In
addition, the measured frequency responses of these structures
was in reasonable quantitative agreement with the theoretical
predictions, thus showing the validity of the lumped-element
circuit models. This agreement is indicative of the usefulness
of the reported circuit models as practical design tools.

APPENDIX
VARIATIONAL CALCULATION OF THE CAPACITIVE
FOR THE CSRR C,

The capacitance C. can be obtained from the variational ex-
pression

—+o0o

1 e
U=5C.Vi= // Vds= dk kY
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with a suitable trial function for the electrostatic potential V. For
this purpose, we first express the spectral-domain charge density
in terms of a suitable Green’s function G [35]

1 27
C.= d dkk — V
47r2V0 / ¢/

or

C<—/ dkk~u

where u is the trial function, which is chosen as

1, ifr<a
w(r) = Z_ ifa<r<b
0, 1fb <r
- 72 (bB(kb) — aB(ka))
(k) = k2 (b— a)

where a and b are the geometrical parameters shown in Fig. 5
and function B is defined as

B(x) = So(x)J1(x) — S1(x)Jo(x)

with S;, and J,, being the nth-order Struve and Bessel functions.
These expressions directly follow (1), which can be easily com-
puted in few steps by using standard integration routines.
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