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Sub-di�raction image formation and measurement is analyzed. It is shown that sub-di�raction
imaging devices can not produce focusing of energy into three-dimensional spots of sub-di�raction
size. However, three-dimensional sub-di�raction imaging is possible as a consequenceof a match-
ing/tunneling process.
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After the seminal work of Pendry [1], the possibility
of obtaining sub-di�raction imagesfrom unconventional
optical devices has been a subject of increasing inter-
est. Previous theoretical analysis [2], simulations [3],
and experiments [4] have shown that image formation
in Pendry's \sup er-lens" and similar devices only im-
plies the reproduction of the source�eld at a given plane
behind the lens, but not real focusing of energy at the
image. Instead, a region where �elds monotonically in-
creasestowards the lens is observed between the image
plane and the lens. In a previous paper [5] the authors
have shown how, in spite of this fact, somekind of three-
dimensionalimagescanbeobtained from Pendry's super-
lenseswhen the appropriate detector is used. In such
paper it was also suggestedthat a similar analysis may
explain some recently observed three-dimensional sub-
di�raction images[6]. Recently , three dimensional sub-
di�raction imagestaking the form of an apparent three-
dimensionalfocusof sub-di�raction size,neatly separated
from the lens,have beenreported in somephotonic crys-
tal devices[7{9]. In this letter, our previous analysis [5]
is generalizedto arbitrary optical devices, regardlessof
the physical mechanism for the image formation. This
analysis shows, in a complete general way, that three-
dimensional focusing of energy in spots smaller than the
wavelength is not possible. In also gives a qualitativ e
explanation for the aforementioned recently reported re-
sults, as well as for other possiblesub-di�raction three-
dimensional imaging processes.

Let us consider an optical system (seeFig.1) able to
reproduce some time-harmonic excitation �eld imposed
at someplane(the source plane at z = 0 in Fig.1) at some
other plane (the image plane, at z = zi in Fig.1) with a
resolution �. Such optical system is located betweenz1

and z2 (0 < z1 < z2 < zi ). For simplicit y, the excitation
�eld will be assumedto be a delta function in the z = 0
plane

 e(x; y; 0) = (2� )2� (x; y) ; (1)

where  e is some component of the electric/magnetic
�eld tangential to the plane z = 0 (the remaining tan-
gential component of the excitation �eld is supposedto
vanish at z = 0). The total �eld at z > 0 will be the su-
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FIG. 1: Illustration of the image formation by an optical de-
vice. A point excitation is located at z = 0, creating the
excitation �eld  e(x; y; 0) = (2� )2 � (x; y) at such plane. The
imaging device, located between z = z1 and z = z2 , restores
the excitation �eld at the image plane with a resolution �.
As a result a two-dimensional spot of size � � is created at
the image plane. Outside this spot, the �eld rapidly vanishes
in the z = zi plane.

perposition of the excitation �eld and the scattered �eld
created by the optical system. For z > 0 the excitation
�eld canbeexpandedasa Fourier integral of planewaves:

 e(x; y; z) =
Z 1

�1
dkx

Z 1

�1
dky e( ik x x + ik y y+ ik z z� i! t ) ;

(2)

where kz =
q

! 2� 0� 0 � k2
x � k2

y . In order to have phys-

ical �elds the sign of the square root has to be chosen
with < (kz ) > 0, = (kz ) = 0 for propagative waves, and
with < (kz ) = 0, = (kz ) > 0 for evanescent waves. Since
the optical system is supposedto reproduce the excita-
tion �eld at z = zi with a resolution �, the total �eld at
z = zi must be:

 (x; y; zi ) �
Z kmax

� kmax

dkx

Z kmax

� kmax

dky e(+ ik x x + ik y y � i! t )

(3)
where

kmax = 2� =� : (4)

Since there are no sourcesfor z > z2, the total �eld for
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z2 < z < 1 is the analytical continuation of (3), that is

 (x; y; z) �
Z kmax

� kmax

dkx

Z kmax

� kmax

dky e(+ ik x x + ik y y+ ik z (z� zi ) � i! t ) :

(5)
If � < � = 2� =k0, someof the plane waves included in
(5) are evanescent, decaying from z = z2 towards z ! 1 .
Therefore, the decay of the �eld at the back side of the
lens is a generalproperty of any optical system produc-
ing sub-di�raction images. Therefore it is not possibleto
obtain a three dimensional spot of sub-di�raction sizeas
the image of a point-lik e source. At least, as an actual
�eld distribution. Fig.2 shows several �eld distributions
around z = zi , corresponding to some two-dimensional
spot-lik e �eld distributions at z = zi . The �eld distribu-
tion is calculated from (5) with kmax given by (4). The
formation of the spot at the image can be clearly seen
when � > � . However, a �eld decay from the lens to-
wards the image can be clearly observed when � < � .

Let us now re-examine the experimental results re-
ported in [6]-[9] at the light of the previous considera-
tions. They correspond to measurements of the trans-
mission coe�cien t between a �xed input antenna and
an output antenna, as is sketched in Fig.3. Measure-
ments madeby using this procedureimplies someamount
of transmitted power. However, information for sub-
di�raction imaging is carried out by evanescent waves,
which actually do not carry power [1]. Therefore, in or-
der to detect something, a complementary set of evanes-
cent modes should be generatedat the output antenna,
so as somepower can be transmitted by tunneling e�ect
[10]. Since these last evanescent modes are not present
in the absenceof the detector, the detection processim-
plies an unavoidable and substantial perturbation of the
system. Thus, the transmission coe�cien t will not pro-
vide, in general,a map of the �eld created by the source
in the absenceof the detector. Instead, the whole device
(including the detector) should be analyzedasa two port
electromagneticcircuit, where [5, 11]

t =
2Z 0

12

(Z 0
11 + 1)(Z 0

22 + 1) � (Z 0
12)2 : (6)

In this expression Z 0
ij are the elements of the matrix

impedanceof the systemnormalized to the input/output
waveguide impedance. Somesimpli�cations can now be
intro duced in (6). First of all, in order to measurea sub-
di�raction image,the antennasmust be much electrically
small, so that they are mainly reactive [5]: Z ij ' � iX ij ,
where X ij is a reactancematrix. Thus (6) simpli�es to

t �
� 2iX 0

12

((X 0
12)2 � X 0

11X 0
22 + 1) � i (X 0

11 + X 0
22)

: (7)

Moreover, if the sub-di�raction imaging device actually
has to reproduce the �eld of the source, the re
ection
coe�cien t for the evanescent incoming waves should be

FIG. 2: The total �eld intensity j (x; y; z)j obtained from (5)
at both sides of the image plane z = zi , for several values of
the resolution �. (a) � = 3� . (b) � = � . (c) � = �= 3.
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very small. Thus, X 11 and X 22 can be approximated
by the reactancesof the input and output antennas in
free space. Therefore, the main dependenceof t with
the location of the antennas is through the strong vari-
ations of X 0

12. However, this does not means that the
transmission coe�cien t given by (7) will take its maxi-
mum valueswhen the output antenna is placed at those
points where X 0

12 is highest. In fact, when X 0
12 is very

high, so that it dominates over the remaining terms in
(7), the transmission coe�cien t goesdown to very small
values. Sincethe highest valuesof X 0

12 will occur just at
the back side interface of the lens, where the total �eld
is maximum, small valuesfor the transmissioncoe�cien t
should be measuredjust at such location, according to
the reported experiments [6] - [9].
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FIG. 3: Sketch of an experimental setup for the detection
of three-dimensional imagescreated by the imaging device of
Fig.1. The input antenna I is placed at a �xed distance from
the imaging device, and the output antenna O is scanned
behind the slab. The transmission coe�cien t between I and
O is measured.

Let us now consider the limiting caseof (7) when the
input and output antennas are identical, so that X 0

11 �
X 0

22, and

t �
� 2iX 0

12

((X 0
12)2 � (X 0

11)2 + 1) � 2iX 0
11

; (8)

which generalizesEq.(5) of [5]. A plot of the magnitude
of this transmission coe�cien t as a function of X 0

11 and
X 0

12=X 0
11 is shown in Fig.4. As it can be clearly seen,

except for very small values of X 0
11, the transmission is

very high when X 0
12 � X 0

11. It is clear that, if the �eld
at the input antenna is reproducedat somepoint behind
the lens (z = zi in Fig.1), the self-reactanceX 11 equals
the mutual reactanceX 12 when the output antenna is lo-
cated just at such point. Thus, if identical antennas are
used for the excitation and the detection, an apparent
three-dimensional \image" is obtained at r = (0; 0; zi )
However, this doesnot implies an actual focusing of en-
ergy at such point.

In summary, the analysis reported in [5] has beengen-
eralized to an arbitrary sub-di�raction imaging system,

FIG. 4: Plot of the modulus of the transmission coe�cien t
jS21 j obtained from (8), as a function of the normalized reac-
tances X 0

11 = X 0
22 and X 0

21 =X 0
11 .

thus providing a generaltheory of three-dimensionalsub-
di�raction imaging. As it wasalready suggested[5], such
theory explains the experimental results reported in [6].
If antennas of di�eren t size and/or characteristics are
considered,the whole expression(7) must be used, and
somekind of three-dimensionalimagewill appearat some
distance from the imaging device, but not necessarilyat
the imageplane. Thus, this analysisalsocan explain the
experimental results recently reported in [8, 9].
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