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Abstract

It is well known that if a finite order linear differential operator with polynomial
coefficients has as eigenfunctions a sequence of orthogonal polynomials with respect
to a positive measure (with support in the real line), then its order has to be
even. This property no longer holds in the case of orthogonal matrix polynomials.
The aim of this paper is to present examples of weight matrices such that the
corresponding sequences of matrix orthogonal polynomials are eigenfunctions of
certain linear differential operators of odd order. The weight matrices are of the
form
W (t) = t%e teAitPtB et

where A and B are certain (nilpotent and diagonal, respectively) N x N matrices.
These weight matrices are the first examples illustrating this new phenomenon which
are not reducible to scalar weights.

Key words: Orthogonal matrix polynomials, Differential equations, Algebra of
differential operators.
PACS: 42C05

1 Introduction

During the last few years many families of orthogonal matrix polynomials have
been found that are eigenfunctions of some fixed second order linear differen-
tial operator with matrix coefficients which do not depend on the degree of
the polynomial. When the corresponding eigenvalues are Hermitian then the
differential operator for the orthonormal polynomials (P,),, is also symmetric
with respect to (the inner product defined from) its orthogonalizing weight
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matrix W, and conversely. More precisely, for an operator (whose coefficients
are multiplied on the right)

ly = D*Ay(t) + D' Ay (t) + D° Ay, (1)

and a family of orthonormal polynomials (P, ),, with respect to a weight matrix
W, the following conditions are equivalent:

(1) £5(P,(t)) = I',Py(t), with I';, Hermitian
(2) [L(P)AWQ* = [ PAW(5(Q)*, P,Q € CN*N[¢.

An overview of those families of orthogonal matrix polynomials satisfying
second order differential operators shows some important differences with re-
spect to the scalar situation. First of all, it has been necessary to develop new
techniques (rather different from the scalar ones) to find examples (see [5],
[4], [10], [11] and [12]). Secondly, the complexity of the matrix world has led
to an embarrassment of riches if we compare with the only scalar examples
of Hermite, Laguerre and Jacobi. Also some new phenomena have appeared.
For instance, some families of orthogonal polynomials (P,), have been found
which are common eigenfunctions of several linearly independent second or-
der differential operators (see [3], [9] or [8]). This shows that the algebras of
differential operators having these families of orthogonal matrix polynomials
as eigenfunctions are going to have a richer structure than the corresponding
algebras in the scalar case, where for the classical scalar families those algebras
reduce to the associated second order differential operator and any polynomial
in this operator (see [17]).

The purpose of this paper is to show a new phenomenon. Indeed, in the scalar
case it is well known that if a differential operator has a sequence of orthogonal
polynomials as eigenfunctions then its order has to be even (see [14]). This
situation is not true in the matrix case. We present here some examples of
orthogonal matrix polynomials which are eigenfunctions of certain differential
operators of odd order. Those examples are particular cases of orthogonal
matrix polynomials with respect to a wider family of N x N weight matrices

defined by

W ooy (1) =t teM37137 A 0> 21, t e (0,+00), (2)



where A is the N x N nilpotent matrix:

Ovy 0 --- 0
00w--- 0
A=+ vt | yeC\{0}, i=1,---,N—1,
00 0 - vy
000 - 0

and J is the N x N diagonal matrix:

N-1 0 ---00
0 N—2---00
J =
0 0 ---10
0 0 ---00

The weight matrix corresponding to N = 2 yields the following third order
symmetric differential operator:

—|al*t* at*(1 + |a|*t)

(31 =D
—at la|2¢?
D2 —t(2 4 |a|*(a 4 5)) at(2a + 4+ t(1 + |a*(a + 5)))
—a(a+2) t(2+\a|2(a—|—2))
. t—2@1+2ﬂl+¢M%|“P@*lxa+”+“%fﬂdal+mﬁgwq»
D ! - N
T 20 +2—1
01+a—iu+®@Wa_n
D 1 a ' -
- —(1+a)

a

In fact, the weight matrix has two linearly independent symmetric third order
differential operators and other two linearly independent operators of order
two. The weight matrices corresponding to N = 3 and 4 yield to fifth and sev-
enth order (respectively) symmetric differential operator, but no third order.
This is related to the fact that A is nilpotent of order N. Our conjecture is
that each W, ., ...y, has a symmetric differential operator of order 2NV — 1,
as well as other of even order (as we will see below, W, ,, ... ,_, always has
at least one symmetric second order differential operator).



Some other examples of 2 x 2 situations have recently appeared in the literature
having differential operators of odd order (order 1, to be more precise): see [2],
[3] and [7]. Some of them correspond to positive definite weight matrices and
happen to be symmetric. Some others do not even correspond to a positive
definite weight matrix. However, the first ones have weights that reduce to
scalar weights. We say that a weight matrix W reduces to scalar weights if
there exists a nonsingular matrix 7" independent of ¢ for which

W(t) = TD()T",

with D(t) diagonal. Weight matrices reducible to scalar weights are actually
a collection of N scalar weights. When they are considered by themselves
and not in connection with differential equations these weights belong to the
study of scalar orthogonality more than to the matrix one. The 2 x 2 positive
definite weight matrices referred above (see [2], [3] and [7]) are of the form
wi(t) 0 : . L
W(t) = T*, where T is a nonsingular matrix (independent of
0 CUQ(t>
t). We have to point out that, however, this matrix 7' do not factorize their
associated differential operators (that is, that operators are not of the form

dy 0

0 dsy
of the weight and the differential operator). According to the previous defi-
nition, the examples shown in this paper do not reduce to scalar weight and
hence are the first weight matrices with this property that have a symmetric
differential operator of odd order.

T*; see [11] for a notion of scalar reducibility for the pair consisting

The paper is organized as follows. In Section 2, we introduce the family
Wean vy (see (2)) and study its symmetric second order differential op-
erators. We find that

ly1 = D*I + D'[(a+ )] + J + t(A = I)] + D°[(J + al) A — J]

is symmetric for Wy ., ... vy, When the moduli of the parameters v;, 1 =
1,---, N — 2, are defined from vy_; by

i(N = d)lvn-a]* = (N = Dyl* + (N =i = D]wil* oy [,

our weight matrix enjoys another symmetric second order differential operator
055 with leading coefficient As(t) = t(J — At). It turns out that the operators
{51 and {55 commute and satisfy the polynomial equation

N

H <(Z - 1)52,1 — Uy +

=1

(N = (N — i)

[N _1]?

+(z’—1)(N—z’)] I) = 0.



We note here that the symbol 0 is used to denote either zero scalar or zero
matrix (all entries equal to zero scalar) while [ is used to denote the identity
matrix of dimension determined from the context.

We complete Section 2 showing some structural formulas (Rodrigues’ formula
and three-term recurrence relation) for a sequence (Pa.4)n of orthogonal
polynomials with respect to the weight matrix

t(1 + |al’t) at
Waa(t) =t (1 [al?) , a>—1,t>0, (4)
at 1

which is the case N = 2 of (2) (putting vy = a). This weight matrix appears
for the first time in [1], where the authors found a Pearson equation for it and
proved that the derivatives (P’ 0.q)n are again orthogonal with respect to a
certain weight matrix.

In order to look for symmetric differential operators of higher order with re-
spect to the weight matrix W, ,, ... ,y_,, We show, in Section 3, how the symme-
try of a differential operator ¢ of any order k with respect to a weight matrix
W can be reduced to a set of k+ 1 differential equations (of order 0,1,--- | k,
respectively) and certain boundary conditions for W and the coefficients of ¢
at the endpoints of the support of W. This can be seen as the matrix valued
version of Littlejohn’s conditions for the symmetry over polynomials of this
kind of differential operators in the scalar case (see [15]).

Finally, in Section 4, we study the algebra of differential operators associated
with (4) defined by

D(Wya) = {Z = iDiAi(t) A(Proat) =Tn(0)Praalt), n > O} .

In particular, we find two linearly independent symmetric third order differ-
ential operators (one of them is given in (3)). It seems that two new linearly
independent operators appear as one increases by one the order of the op-
erators in question. We give strong computational evidences which support
our conjecture that the algebra D(W,,) is generated by the set {I, 1,031}
(except for some exceptional values involving the parameters o and a).

2 Second order differential operators for W, ,, .. ..,

The aim of this section is to introduce the weight matrix W, ,, ..., and

study its second order differential operators.

N—-1



Under the assumption that
Ay()W () and (Ax(t)W (t)) — A ()W (1),

vanish at each of the endpoints of the support of W(t), to find symmetric
second order differential operators for a weight matrix W is enough to solve
the following equations:

2AW) = WAT + AW, (6)
(AW)" — (AAW) + AgW = WA, (7)

(see Theorem 3.1 of [5] or also [11]).

Assuming that As(t) is a scalar matrix, it has been proved in [5] that the
differential equation (6) is equivalent to the fact that W can be factorized in
the form W (t) = p(t)T'(t)T*(t), where p is a scalar function and 7' is a matrix
function satisfying certain first order differential equation. When p(t) = t®e™,
a > —1, i.e. the Laguerre classical scalar weight, and Ay(t) = tI, this first
order differential equation for 7" takes the form

(1) = (A 4 f) T(0). (8)

Let us consider a weight matrix of the form W (t) = t*e *T'(¢)T(t)*, where
T(t) — eAttB — eAteBlogt’ (9>

with A and B any matrices. Using the formula

t’n
eMB = (Z |ang> et

n>0 n:

we can write the derivative of (9) as

tnfl

ad’y B) T.

1 B
T'(t)= AT + -TB = <t+A+adAB+Z -

n>2

We use the standard notation
adyY =Y, adlY =[X,Y], adiY =[X,[X,Y]],
and, in general, ad%™Y = [X, ad'}Y], where [X,Y] = XY — Y X.

In order for T to satisfy a differential equation like (8), we need to choose



matrices A and B for which ad% B = 0. Once we have chosen the matrix

Ov, 0 -+ 0
00wv--+ 0
A=t |, yeC\{0}, i=1,---,N—1, (10)
000 - vy_y
000--- 0

and B to be diagonal and singular, it follows from the condition ad}B = 0
that necessarily B = uJ where

N-1 0 ---00
0O N—=-2---00
J = , (11)
0 o ---10
0 0O ---00

and wu is any complex number. However, it turns out that for the existence of
a symmetric second order differential operator with Ay(¢) = ¢I, u has to be
1/2, except for N = 2 where u can be any complex number.

This is the reason why we have chosen the weight matrix to be
WO&,Vly"‘yVN—l (t) = tae_teAtt%Jt%J*eA*tv a > _17 t € (Oa +OO)7

where A and J are defined by (10) and (11), respectively, as a candidate to have
symmetric second order differential operators like (1) with Ay(¢) = tI. Our
choice allows to write W, ,, . (t) = t*e T (t)T(t)*, where T(t) = e*tt2’

satisfies

VN -1

T'(t) = ;(i + A)T(t). (12)

Actually W ., ... yn_, is not a bad candidate!

Theorem 1 The second order differential operator
loy = DI+ D' (a+ DI+ J+t(A=D]+D[(J+al)A—J], (13)

i1s symmetric with respect to Wy, . vy -

PROOF. We only need to verify equation (7). Using (6), that equation is
equivalent to (AW — WAY) = 2(AW — WA) (where, to simplify the nota-



tion, we remove the dependence on o and vy, -+ ,vx_1). Using the formulas
AT = Je — Ate™ and VT = JeMt + Attet
we obtain

JW — W.J =t(AW — W A¥)
JAW — WA*J =(AW — WA*) + (AJW — WJAY).

Also, as a consequence of the first equation above, we deduce

JW' = W'J = AW — WA* + t(AW' — W'A¥)
HAZW — W (A")?) = (JWA* — AWJ) + (AJW — WJA®).

Hence, the equation (AW — WAT) = 2(AW — WA}) follows from these
equalities taking into account the differential equation for 7'(¢) in (12). O

For N = 2, the weight matrix W (t) = t®e~teAtBtB e where

0w u 0
A= , B= ,
00 00

has associated the symmetric second order differential operator

t0 2uta+1—-t2v(l—u —1lov(l+«
ly = D? + D! ( ) + DY ( ) .
0t 0 a+1-—t 0 0
As we wrote above for N = 3, in order to have a symmetric second order
differential operator with A(t) = ¢I it is necessary that B = .J.

We now search for another second order differential operator
2272 - D2A2<t) —|— D2A1<t) —|— DOAO

for the weight matrix W, ,, ... ,_,. We follow the lines of the method developed
in [4]. This method consists of looking for good factorizations of W, ,, ..
in the form t*e *R(t)R*(t). Under the assumption that AsW, ., ... »_, is Her-
mitian, by a good factorization for W, ,, .. ,,_, we mean that the factor R
satisfies the first order differential equation R’ = F'R, where

VN -1

(1) The differential coefficient F'is related to Ay and A; by the equation
Ay = AF + FAy + C, (14)

where C(t) = (t*e " Ay(t)) /t*e™" and



(2) The matrix function
R Y FAF + FAy+ FC — A))R (15)
is Hermitian.

Then (1) guarantees that W, ,, .. ,
(7) (see [4], Section 2).

v_, satisfies equation (6) and (2) equation

According to this approach, first of all, we have to look for the leading co-
efficient Ay of the differential operator f;5. This coefficient has to satisfy
AW = W AS (we are again removing the dependence on o and vy, -+ ,vy).
The relation AJ — JA = —A gives a very natural candidate for As. Indeed,
AW = W A3 is equivalent to t27e~ 4" Ayet37 being Hermitian. If we put

Ay(t) = t(J — At), (16)
a straightforward computation gives

—1j —At . Aty iy, —1J (‘Unth noy A2 2T
t2 e M (t(J = Ab))et =t720 ([ Y - ad’yJ — At? |t2

n>0
—t-t727 Jizl =],

implying that (5) is satisfied since t.J is Hermitian.
Once we have a candidate for Ay, we need to choose a certain good factor-

ization of the weight matrix W (t) = t*e *R(¢t)R*(t) (in the sense explained
above). We proceed by taking a unitary matrix function U(t), and writing

R(t) = ™27 U (1),

so that W (t) = t*e "R(t)R(t)*. The matrix function U(t) will be introduced
later.

The definition of R(t) implies that the coefficient F of the first order differen-
tial equation R/(t) = F(t)R(t) for R is

1/1
F(t) =5 (tJ + A) + M X ()2 e, (17)

where we have written X (¢) = U'(¢t)U(¢t)~*. Since U(t) is unitary, it turns out
that the matrix function X (¢) is skew-Hermitian. Taking this into account we



choose our matrix X () to have the following structure:

0 $172(t) 0 0
—i'LQ (t) 0 $273(t) 0
0 —To3(t) 0 0
X(t) = 2,"’( ) . (18)
0 0 0 xN—l,N(t)
0 0 0 —Evan(t) 0
where the complex functions x;;41(t), i = 1,--- , N — 1, will be chosen so that

equation (14) yields that A; is a polynomial of degree 1. From the definitions
of F';, Ay and A; (see (17), (16) and (14)) it follows that

Al =((1+ )+ J)J —t(J + (a+ 2)A) + t2(4A — A%)+

te2? (JX () + X (1))t 27 e .

(19)

We now compute the right hand side of the expression above. From the defi-
nitions of X (¢) and J (see (18) and (11)) it follows that

0 y1.2(t)
—2(t) 0
X(t)J + JX(t) = ! _‘%_’3(”
0 0
0 0

where

0

QZ,S(t) .

Yiir1(t) = (2(N — 1) — D) 41 (2),

10

i=1,--

0 0
0 0
0 0
0 yn—1.n(t)
—yn-1,n (%) 0
N-1



Then, by direct calculation we have

M(t) =27 (X (t)] + JX ()t 27 =

0 tayo(t) - 0 0

_t*%gLQ(t) 0 . 0 0

B —t 3 g(t) - 0 0
0 0 - 0 tryn_1v (1)

0 0 =t 2y N (1) 0

Taking into account the definition of A (see (10)), this implies that

z11(6) 0 z5(t) - 0 0
0 zo(t) 0 .- 0 0
0 0 zs(t) - 0 0
ad, M= | : : ,
0 0 0 0 zy_on(D)
0 0 0 evonoi(t) 0
0 0 0 0 v (t)

where (put vy =0 and vy = 0)
2i.i(t) = (Vic1Gim1,4(t) — Vz'ﬂi,iﬂ(t))f%’ i=1,---,N,
and
Ziira(t) = (ViYir1,iva(t) — Vi—l—lyi,i—&-l(t))t%v =1 N-=2
In order for A; to be a matrix polynomial of degree 1 we need to take

1
Yiir1(t) = Y1t 2,

1

where now, abusing notation, y; 11 € C. We can then write M(t) = Y —Y*

t

11



where

0 O 0 --- 0 0
s O 0 - 0 0
0 —%o3 0 --- 0 0
v=| T (20)
0 O 0 --- 0 0
0 0 0 - —=ynan0

Hence, substituting all these expressions in (19) we have
Al=((1+a) [+ N)J+Y —t(J+ (a+2)A+Y* —ad,Y)
1 "
+t2(A— A% + §ad2AY —adsY")+ > ﬁ(adZY —ady'Y™).

n>3 "

Since the structure of the matrices A and Y implies that ad%Y has null entries
out of the diagonal (7,7+1) and that ad 4 Y™ has null entries out of the diagonal
(1,7 + 2), A; is a matrix polynomial of degree 1 if and only if

jadlY + A =0

(21)
adAY* + A2 = 0.
. ) (N —i)
From the first equation in (21) we obtain y; ;41 = ———— which implies
Vi
(N
iN =) i=1,- ,N—1 (22)

T T TN —2i - Dy

We are again abusing notation taking z; ;.1 (t) = :z:i,iﬂt_%, Ziiy1 € C. From

the second equation in (21) we get y; ;11 = Gy (¢ — 1)v; which implies
151
vic N (t—1)y,

Liitl = . . )

TN =2 -1y, 2N —2i—1

i=1,---,N—1, (23)

where ¢ is any complex number. Then, equating (22) and (23) we have the
following set of equations:

vl + (i — Dy +i(N =)y =0, i=1,---,N—1.

After removing the parameter ¢, we can write these equations in the following
two equivalent and more convenient ways

N =)y = (0 + DN =i = DIwl* + i * i, (24)
(N =)ol = (N = Dw* + (N —i = DwilP v, (25)

12



fort=1,---,N—2, N > 2. With this choice of relations between the param-
eters vy, -+ ,Uy_1, the function A; defined in (14) is a matrix polynomial of
degree 1, namely:

Ax(t)

(I+a) [+ )J+Y —t(J+ (a+2)A+Y" —adpY).
We now show that under the assumption (24) (or, equivalently (25)), we can
produce a matrix Ay such that W also satisfies the differential equation (7).

According to (15), we are going to prove that there exists a matrix Ay such
that the function

RV )(F(t)Ax(t)F(t) + F'(t) Ay (t) + F(t)(t%e " Ay) 't " — Ag) R(t)

is Hermitian. Since R(t) = e't27U(t) and U(#) is unitary, it is equivalent to
prove that

X(8) = 73 e AUE(8) Ay (1) F (1) + F' () Ao (£) + F (1) (1%~ Ag)'t=%! — Ag)et3”

(26)
is always Hermitian.
We now look for a convenient expression for (26). We use the formulas
72l e A Ay)eMtal = ¢ t727 Jrnd = ¢,
2l e A (AL )eAaT = ] — 3 A,
t727 AtzT =173 A,
1 1
X(t)=t"2:X and X'(t)= —Q—tX( ) (27)

where, again, abusing notation, X is the skew-Hermitian matrix independent
of ¢ with null entries except for the diagonals (i,7 + 1) and (i + 1,4), whose
entries are given in (22). From the definition of F' and Ay (see (17) and (16)),
and after a straightforward computation, we obtain

1 1 1
t—EJ —At FA F Att§J I
e T (FAb)e a2

1
TP+ Stz (JPA+ AT + AJA+tX (1) X (t)

+t3(ATX(t) + X (1) JA) + ;(ﬁX(t) + X (t)J?),

1
CHHF Aot = — 2+ BAX ()] - X()AT)
1 1 1
_ §X(t)J = X0+ SIX (1),
a+1

t_%Je_At(F(tae_tAQ),t_aet)eAtt%J 2

1 1
S Pt ((a+ 1)AT — 5JA) — A% - 5J2

— 3 (AT + X (D)A) + (o + D)X (8)J — tX(t)J.

13



Using again (27), we obtain an expression for the matrix function x(¢) (see

(26)):
L1, [ 2 2
X(t):¥ 1J (J +2al) +§t 2N JA+ AT+ I X 4+ 2a+ 1)AT+ 2a+ 1) X J—
JA+JXJ] + AJA+ XJX +AJX + XJA+ AXJT - XA — XA-
1 1 1 1
A? — §J2 —12(AJ + XJ) —t72 e M (Ag )Mt

We define the matrix Ay as follows

Aoig Aoiz 0 -+ 0 0
0 A2z Ao2s - 0 0
Ay = : : R : : =Vi+ Vs,
0 0 0 - Aon—in-1 Aon-1N
0 0 o - 0 Ao,n,N

where Vi, = Ao, 2 =1,---,N, and V;,; ; = 0 otherwise, and Vo, = Ay — V.
Then, we obtain:
_1y 1y 1
t 27 Apt2” =V +t 2V, and
—t -t 2 (ady Ag)t2! = —t2V5 — Vi,
where

v ~Jvi(Avigrie — Aoig), i=1,--- N —1,
3+l = .
0, otherwise;

v . ViAO,iJrl,iJrQ - Vi+1AO,i,i+1a t=1,--- N =2,
4,ii+2 = .
0, otherwise.

Taking this into account, as well as the fact that X (JA— AJ) = X A and that
iJZ(J +2al), XJX and —%JQ are already Hermitian, in order to prove that
(26) is Hermitian it is enough to impose that the matrices

1
5[J?A + A+ PX 4+ 2a+ DA+ 2a+1D)XJ — JA+IXJ] — Vs, (28)

—(AJ+XJ)—-Vs and (29)
(AJA+ AJX + AXJ — A?) -V, (30)

are Hermitian and that
ad} A4, = 0. (31)

Condition (28) allows us to define the upper diagonal (7,7 + 1) of the matrix
Ao by

AO,i,i—&—l = ((I+N—l)[VZ(N—Z— 1>+$$71+1(2N—2'L— 1)]7 1= ]., ,N—l’

14



which, using (22) and (25), implies
(N—-1)(a+ N —i)y,

. i=1,- ,N—1 32
on ]2 (32)

Apiit1 = —

Condition (29) gives us a recursive expression for the the elements Ag; ;:

Ao’i7i:A07i+1’i+1_ N—Z—1+(2N—2Z—1)xz’z+1 y 2:N—1,N—2, ,1.
Vi

Putting Ag nyn = 0 and using (22) and (25) we obtain
(N —1)(N —1)

lvn-1f?

Agii = , t=1,---,N. (33)

Condition (30) is then equivalent to
(N —1— 2)Viyi+1 + (2N — 21— 3)Vi$i+1,z‘+2 + ViAO,i+1,i+2 - V’i+1A0,i,i+1 =0,

which can be easily deduced using (22), (32) and (24). Finally, condition (31)
is equivalent to

(ad® Ao)iive = vivig1(Aoii — 2A0.i1.001 + Aviyaire) = 0,
(adiA0>i,i+3 = ViVi+1A0,i+2,i+3 - 2ViVi+2A0,i+1,i+2 + Vi+1Vi+2A0,i,i+1 =0,
fori=1,---, N — 2, which can be deduced from (32) and (33).
By looking directly at (32) and (33) it is easy to conclude that
N -1

R

Ao [J — (al + J)A].

We have thus proved the following theorem:

Theorem 2 Let W be the weight matriz defined by (2) where the moduli of
the entries |v;|,i =1,--- | N —2, of the matriz A are defined from vy_1 using
the equations (25). Consider the matrices A and J defined by (10) and (11)
respectively, and Y, X (t) and F(t) defined by

0 0o 0 - 0 0
M0 0 00
0 284=2 g . 0 0

Y = v2 , (34)
0 0o 0 - 0 0
0 o o0 -.- &Ly
UN-—1

15



0 T12 0 - 0 0
—i’l’g 0 X233 0 0
1 0 -z 0 0 0
X(t)=t3 o ,

0 0 0 --- 0 TN-1,N

0 0 0 -+ =zZyan O
1/1 1
F(t) = 3 (tJ + A) + et X () e M
(N
where x; ;41 = —(2NZ(_ 57 _2)1),/.’ =1,--- N — 1. Finally define the coef-

ficients of the differential operator Ay, Ay and Ag by:

A2 = t(J - At),
A= ((1+a)+ ) J+Y —t(J+ (a+2)A+Y* — adsY),
Ay = Ni—lz[J— (al + J)A]

[N -1

Then the weight matrix W satisfies the set of equations

AW = W A3,
2(A W) = WA + A4W,
(AW)" — (AW + AW = WA,
so that the second order differential operator
loo = D*Ay+ D'A; + D° 4, (35)

is symmetric with respect to W. W can be factorized as W (t) = t*e " R(t) R*(t),
a > —1, where R(t) = ett27 X0 satisfies R'(t) = F(t)R(t).

O

We now prove that the symmetric second order operators f5; and f25 (see
(13) and (35)) for W commute and satisfy a relation given by a polynomial of
degree N in two variables.

Theorem 3 The second order differential operators loq and Uy given in (13)
and (35), respectively, commute, i.e. [l21,022] = 0. Moreover, they satisfy the
following relation:

ﬁ ((z’ — 1)l — loy + o —Mlv)“‘i‘ D4 i- 1)(N — 7;)] 1) =0. (36)
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PROQOF. Taking the monic orthogonal polynomials with respect to W as
eigenfunctions, there exists an isomorphism between differential operators and
their corresponding eigenvalues. Since the operators {5 ; and ¢ have a com-
mon system of eigenfunctions, they commute if and only if their corresponding
eigenvalues commute. These eigenvalues are given by:

Tor=n(A—I)+(J+al)A—J

N
Tho=-n*A—n(J+ (a+1)A+Y* —ad,sY) +

7_1@] — (al 4+ J)A).

lvn_1f?

Since I',, ; and I',, » have non null entries only in the diagonals (7, 7) and (7, i+1),
they commute if and only if

(Fn,l)i,z’Jrl[(Fn,Q)i+1,z'+1 - (FnZ)zz] + (Fn,2)i,i+1[(rn,l)i,i - (Fn,l)i+1,i+1] =0,
(Fn,1>i,i+1(rn72)i+1,i+2 - (Fn,Q)i,i+1(Fn,1)i+1,i+2 =0.

These formulas can be easily checked using the definitions of A, J and Y (see
(10), (11) and (34)) and formulas (24) and (25). Hence, [¢51, 22] = 0.

Now we prove (36). We can use the already mentioned correspondence between
differential operators and their eigenvalues. Let us write, for ¢ =1,--- | N,

(N —1)(N —1)

lvn-1f?

Ai:(i—l)Fnjl—Fn,g—i—( —i—(i—l)(N—i)) I.

Then, it is enough to prove that A;Ay--- Ay = 0. It is easy to check that
the i-th element of the main diagonal of A; is 0. Taking into account that
I',1 and I'; 5 have non null entries only in the diagonals (7,7) and (i,7 + 1),

we deduce that, for ¢ = 1,--- , N — 1, the i-th row of A; has all its entries
equal to zero except the entry ¢ 4+ 1, and the row N of Ay vanishes. Then, it
is straightforward to conclude that (36) holds. O

We complete this section illustrating some structural formulas for a sequence
of orthogonal polynomials (P, 4.4)n With respect to the weight matrix

. [t(1+ [al?t) at
Waa(t) =t , ac€C\{0}, a>-1, te(0,+0),
at 1
(37)
which is the special case of the weight matrix W, ., ... vy, for N = 2.

Indeed, the sequence (Ppa.q)n can be defined by means of a Rodrigues’ for-
mula. Let us write
t(1+ |a|*t) at
Ra(t) =
at 1
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Then, the matrix polynomials defined by

1 —a(l+«
7DO,oc,a = ( ) ’
0 1

Praalt) = o[t (Rolt) + Xoa)| VRO, m=1 (38)

a

where
1 —a(l+«) 0 —an
(I)n,a,a = s Xn,a = , and
0 1/Yna 0 0
Yna =1+ nlal?, (39)

are orthogonal with respect to the weight matrix W, , defined in (37). The
leading coefficient A, ., is a nonsingular matrix given by

1 —a(l+n+a)
0 1

An,a,a - <_

This can be proved as in [6] or [§].

The normalization by the matrices ®,, 5, allows us to get simpler expressions
for some other formulas related to polynomials (P, .4 )n- For instance, one can
prove that they satisfy the following three—term recurrence relation:

tpn,a,a(t) - ann+1,a,a(t) + Enpn,a,a(t> + ann—l,a,a(t)u

where the matrices E,, D,, n > 0, and F,,, n > 1, are given explicitly by the
expressions:

la
Dn = - 5
01
ntla(2 3 -1
Tnita2n+ 3+ a) a(l+n+a)
E — rYn—Q—l,a
n a Tna(2n+a)+1 |7
Tn+1,aVn,a Tn,a
Fn = - na
Yn,a n')/n—l,a,(n + Oé)

Tn,a

The L?-norm of (Pp.a.a)n is given by

Ia+n+2)Vnt1a 0
||7Dn,a,a||%2(W) =n! ( ) o
0 F(Oé+n+1)/7n,a
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We will use the family (P, q.q)n in Section 4 to study the algebra of differen-
tial operators associated with the weight matrix W, ,. Before, we need some
conditions of symmetry for higher order differential operators.

3 Conditions of symmetry for higher order differential operators

The purpose of this section is to generalize the symmetry conditions (5), (6)
and (7) of a second order differential operator to symmetry conditions for a
higher order differential operator with respect to a weight matrix W (for the
scalar case see [16]).

Let ¢, be a differential operator of order k
0, =Y D'A(t), (40)

where D? is the i-th derivative with respect to t and A;(t),1

=0,---,k, are
matrix polynomials of degree no bigger than i. Let us write A;(t) as:

Ai(t)y => AL AL e CVN
=0

Firstly we relate the symmetry of ¢, with the moments pu, = [, t"W(¢)dt,
n > 0, of a weight matrix W, where (2 is the support of W. In this section,
[n]; will denote the bounded factorial defined by

n]; =n(n—-1)---(n—i+1), n>i>0, (41)
n]o =1, [n];=0, i>n>0.

Proposition 4 The differential operator {y (see (40)) is symmetric with re-
spect to the weight matriz W if and only if the moments (u,), of W satisfy
the following k + 1 sets of equations:

Sk h—i 1/ ol
= e B = (—DUBLY . 1= 0,k n>1  (42)

l
Bi:ZA%*’“unf“ le? 7k7 nZl (43>
=0

PROOQOF. The symmetry of ¢, implies

/Q G YW () (#71)* dt = /Q DY W) G I dt, nom>0.  (44)
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Then, from (44) we have the following moment equations:

Y [nleiBhi, = > [ml—i(Bhi,)" (45)

=0 1=0

In order to obtain (42) we use bounded complete induction over I. When [ = 0
we put m = 0 in (45) and we get the first equation.

Assume the first j — 1 equations are true and let us show that the j—th also
holds. Put n — j + 1 and m = j — 1 in (45) to get

k j—1

Yoln—j+ 1By =" — 1i(B)". (46)

=0 1=0

Substitute the expressions for (B)*, i = 0,---,j — 2, defined in (42), into
(46) and group again all the B!, i = 0,--- , k. To conclude it is enough to
take into account that for m =0,--- | k, we have that

n 4 1= é(—l)h(:) [~ Unlr — Bl

Note that, from the definition of bounded factorial given in (41), the left hand
side of the formula above vanishes for n = 54+ p—1, where p=10,--- ,m — 1.
If we see that the right hand side of this expression is also zero for all such
values of n it will imply the equality since both expressions are polynomials
in n.

Write the right hand side of the formula above as

n...(n—m—l—l);—%(_l)h(h) n---(n—h+1)"

Substitute n by j +p—1, for p=0,--- ,m — 1 in the expression above. Then
we have to verify that

(j+p—1)...(j+p—m)§(—1)h<:>(j+(‘;:3:::8jrz)_h)

m
But this is always true considering the fact that Z’,?_O(—l)h< )hp = 0 for
h
p=0,---,m—1 and that the formula above is always a polynomial in A of

degree at most m — 1.
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The converse is similar. O

Using the previous proposition, we can guarantee the symmetry of ¢, with
respect to W from a set of differential equations which relates W with the
coefficients of the differential operator /.

Theorem 5 Assume the boundary conditions that

p—1 , k—1i 1
Z<_1)k_z+p_1< ] >(Ak—ZW>(p ' )7 p:]-) 7k7 l:Oa 7k_p
=0

(47)
should have vanishing limits at each of the endpoints of the support of W and
that the following k 4+ 1 equations are satisfied:

%(—1)’“‘i‘l<k_i>(z4k_i : W)('H*l) = ()W A}, 1=0,--- k. (48)

i=0 l

Then the differential operator ly (see (40)) is symmetric with respect to W'.

PROOF. Using the moment equations (43) we obtain

k—1
[n— Ui Bi " = [0 — Ui ( > Ai:i—j“ﬂﬁ‘) =

=0

= /Q[n — et T Ay () - W (t)dt.

Integrating by parts k — i — [ times (i < k — [ — 1) the previous integral is
equal to

k—i—l

(=1) 7 = U gggt™ (Ak_i : W)
1

-1
j ] N
o0N

(— 1)k /Q (A )

j=

Replacing the value of [n — I],_;_;Bf~% in (42), we have to prove that
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But

I S R O o B B

=0 j=1
for all n — [ > 0. This follows expanding the sum, grouping in terms of
the powers of ¢, taking into account the boundary conditions (47) and

the fact that W must have finite moments.
k—1

@ /ﬂt"—l(a—n“-l ( ' . ) (Aes- W) = 2y A;)dt —0,

=0

for all n — [ > 0, because of the symmetry equations (48).

For k = 2, Theorem 5 gives the conditions (5), (6) and (7) for the symmetry
of a second order differential operator.

For &k = 3 those conditions are

AsW + WAS =0,
—3(AsW) + AW = WA},
—3(AsW)" + 2(A. W) = WA + AL W, (49)
—(AsTW)" + (AW — (AW + AW = WA?,

and
AW, 3(AsW)' = 2(A: W),  —(AsW) + (A W),  (AsW)" — (A W) + AW

should vanish at the endpoints of the support of W.

4 The algebra of differential operators associated with W, ,

The main goal of this section is to study the structure of the algebra D(W, )
of differential operators having the family (P, a.q)n of orthogonal polynomials
with respect to W, , (given in (37)) as common eigenfunctions:

D(Wya) = {6 = Xk: D'Ai(t) : U(Praa(t)) = Tn(O)Praa(t), n > O} :

where I',,(¢) does not depend on ¢.

The product in D(W,,) is the composition of operators in the usual way, which
it is not commutative. If ¢,, ¢, € D(W,,) are of order r and s respectively,
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the operator ¢/, is of order less than or equal to r + s, but not necessarily
7+ s, since the leading coefficients of both operators can be singular. D(W,, )
is both a complex vector space and an algebra under composition which is
associative and distributive with respect to the field we are working.

The operators in D(W,,) need not to be symmetric with respect to W,,.
However, for every non symmetric operator ¢ € D(W,,), we can associate an
adjoint operator * € D(W,,) so that £+ ¢* is symmetric with respect to W, ,.
The previous assertion is a general fact for the algebra of operators associated
with any weight matrix W. As a consequence, each operator ¢ € D(W,,) can
be written uniquely in the form ¢ = ¢; + /5 for certain symmetric operators
01,05 (see [13] for details).

Using the fact that the leading coefficient of P, (t) (to simplify the notation
we remove the dependence on o and a) is a non singular matrix, we can see
that each coefficient A;(t), ¢ = 1,--- , k, of a differential operator ¢ in D(WW)
has to be a matrix polynomial of degree less than or equal to 7. We observe
that the map between differential operators and the corresponding eigenvalues
given by

I, :DW)— C¥*? n=0,12,...

is a faithful representation. The property I, (¢102) = T, (€1)T,, (¢2) with 41,45 €
D(W) is easy to show as well as the fact that if I',,(¢) = 0, n > 0, then ¢ = 0.

It is important to note that the algebra D(W) is independent from the choice of
the family of orthogonal matrix polynomials. The eigenvalues are changed by
an n dependent conjugation. The family we use in this section is the sequence
of orthogonal polynomials (P,),, defined by the Rodrigues’ formula (38).

In the following table, obtained by direct computations, we exhibit the number
of new linearly independent differential operators (modulo operators of lower
order) that appear as one increases the order of the operators in question:

order 0[1(2]3|4|5|6|7]8
dimension || 1 |0 |22 ]2]2]2]|2|2

There are no first order differential operators. The system ¢5; and ¢35 of two
linearly independent (symmetric) second order differential operators found in

23



Section 2, namely

) fat+2—-t  at o[ 1 (1+a)a
ly1 = D*tI+D +D ,
0 a+1—t 0 0
1 1 1+
t —at2 o+ 2 —j(]_ + |CL‘2(OZ + 2))t T2 _fa
6272 = D? —|—D1 1 a —|—D0 |CL‘ a ,
0 0 - —1 0 0

is a basis for the operators in D(W,,) of order 2. Their respective eigenvalues
are given by

1
-n—1 0 W
Fn,Q,l = ) Fn,Q,Q =
0 —n 0 —n

There are two linearly independent (symmetric) third order differential oper-
ators (modulo operators of lower order). As we explained in the introduction,
this is a phenomenon which does not happen in the scalar case. In fact, this
is the first example of weight matrix which does not reduce to scalar weights
having symmetric differential operators of odd order.

A basis for the operators of order 3 in D(W,,) (modulo operators of lower
order) is given by the operator (5, defined in (3) and by ¢35 defined as

la?t? at*(—1 + |a|?t)

U35 =D’
at —|al?t?
e lal?t(a +5) —at(—2a — 4+ t(3 + |a*(a +5)))
ala +2) —la*t(a +2)
1
2al*(a+2)+t ala+1)(a+2) — t(_ +2a(2 + |a)?)(a + 2))
D' a +
1
—= —t
a
1
- 1 Jlr o —5(1 +a)(1+ |a*(a+2))
- —(1
: (1+a)

Their respective eigenvalues are given by (recall the definition of ~, , given in

(39)):

1 0 a(l + o + n)/yn,a’%%kl,a F ]. O _a(l + « + n)Vn,a’YnJrl,a
T 10 ) n,3,2 — 7 19
a 0 lal* \a 0
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The operator /3, is symmetric and hence satisfies the third order symmetry
equations given by (49) with their corresponding boundary conditions. The
operator /3 5 is not symmetric but skew—symmetric so that /5, is symmetric.

The leading coefficients As;(t), i = 1,2, of both operators can be written as

t" t"

n>o 't n>0 T

From those expressions it is easy to verify (using t=37 Az’ = t_%A, 37 AT =
t2A* and Yo Srady Aredt = ¢4 A*) that

727 e M (Ag et = 1727 (A — LAYt = 13 (A — AY),

implying that it verifies the first of the third order symmetry equations (49)
since ¢2(A — A*) is skew- Hermitian. An analogous argument is valid for As .

In order to propose a candidate for a system of operators which generate the
full algebra D(W) and have easier expressions for relations between generators,
let us introduce a different basis for the differential operators of order 2:

1
Ly =10y, — WL
1
Ly =209 — {5, — WL

while for the operators of order 3 we write Ly = f3; and Ly = f35. The
corresponding system of eigenvalues associated with each operator is given by
(recall again the definition of ~, , given in (39))

1 [Yn+1a O
oy =—— | ™" :
|a| 0 Yna
r . 1 7n+1,a 0
n2 — 7 |9 )
|al? 0 —Yna
r 1 0 Cl(l + o+ n)’)/n,a’}/n-i-l,a
n3 — 1 |9 ’
|al? a 0
. 1 (0 —a(l+a+n)YmaVniia
n,4 T 10
lal* \ 5 0

The set {I, L1, Lo, L3, Ly} is linearly independent and from the previous ex-
pressions for their eigenvalues it follows easily that they satisfy a number of
relations, namely:
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(1) Four quadratic relations:

L} =13

L =—1Lj, (51)
LiLy = LyLn,
L3Ly = —L,Ls.

(2) Four permutational relations:

LiLs— LyL, =0,
LoLs — L1 Ly =0, (52)
LsLy + LyL, =0,
LsLy + LyLy = 0.

(3) Four more second degree relations:

Ly = LiLy— Lyly,
Ly=L\L3— L3Ly, (53)
L3 = Lol3+ L3Lo,
Ly=LyLs+ Lyls.

(4) Finally, we can present two interesting third degree relations:

L3 = L3Ly, (54)
LQL% = LgLQ

The second equation in (53) allows us to remove the operator L, as a generator
of the algebra D(W).

Computational evidences allows us to conclude that a possible basis for the
operators of even order 2k in D(W) (modulo operators of lower order) is given
by LY and LY Ly, while for operators of odd order one can take L¥Ly— LsL¥
and LXLs + L3L% for 4k — 1,k > 1, and LYLs + L3LX and L5Ls — LsL% for
k+ 1,k > 1.

We finally present one more relation which allows us to conjecture that the
full algebra of differential operators is generated by {I, L1, Ls}. Indeed,

a2+ a) = 1] [la]*(a = 1) = 1] Ly = 2]af* [Ja* (20 + 1) — 2] Ly
+[lal*(a® + a = 5) — |a*(2a + 1) + 1| L}
— 2|af? [[a]*(2a + 1) — 2] L} + 3|al'L}
1 15 9
—5“ﬁ@a+n—ﬂL§w5m%y@—aﬂ%¢¢@
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1 1
Note that for the exceptional values of @« = 1+ W ora=—2+ W7 the left
a a

side of the previous formula vanishes. For these cases, computational evidences
allow us to conjecture that the algebra is generated by {I, L1, Lo, L3}.

If one is tempted to study the algebra of differential operators for higher matrix
dimensions, the following table illustrates the number of linearly independent
differential operators that appear as one increases the matrix dimension and
order of the differential operators:

k=0 k=1 k=2|k=3|k=4|k=5|k=6|k=T|k=8
N =2 1 0 2
N =3 1 0 2 0 3 4 3 6 16
N =4 1 0 2 0 3 0 4 6 9

It is interesting that for N = 3,4, there are no third order differential opera-
tors, but there are fifth and seventh order, respectively. The reason could be
that the coefficients (50) for these cases are matrix polynomials of degree at
least 4 (due to the fact that A is a nilpotent matrix of order N).
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