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Abstract

The aim of this paper is to bring into the picture a new phenomenon in the theory
of orthogonal matrix polynomials satisfying second order differential equations. The
last few years have witnessed some examples of a (fixed) family of orthogonal matrix
polynomials whose elements are common eigenfunctions of several linearly independent
second order differential operators. We show that the dual situation is also possible:
there are examples of one parametric families of monic matrix polynomials, each family
orthogonal with respect to a different weight matrix, whose elements are eigenfunctions
of a common second order differential operator.

These examples are constructed by adding a discrete mass to a weight matrix at a
certain point. In this article it is described how to choose a point ¢g, a discrete mass M (to)
and the weight matrix W so that the new weight matrix W + d;, M (t¢) inherits some of
the symmetric second order differential operators associated with W. It is well known
that this situation is not possible for the classical scalar families of Hermite, Laguerre
and Jacobi.

For some of these examples we characterize the convex cone of weight matrices for
which the differential operator is symmetric.

1 Introduction

The theory of matrix valued orthogonal polynomials starts with two papers by M. G. Krein in
1949, see [K1, K2]. A sequence of orthonormal matrix polynomials (P, ),, can be characterized
as solutions of the difference equation

tPy(t) = Ay Poi1(t) + BuPo(t) + AZPy_1(t), n=0,1,...,

where A, and B, are N x N nonsingular and Hermitian matrices, respectively, and initial
conditions P_; = 0 and Py nonsingular. Each family (P,), goes along with a weight matrix
W and satisfies [ P,dW P = 6, 1.
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More than 50 years later the first examples of orthogonal matrix polynomials (P, ), sat-
isfying second order differential equations of the form

(1.1) PI()Fo(t) + P () Fi(t) + Po(t) Fo =TpPo(t), n=0,1,...,

were produced. Here Fy, F; and Fj are matrix polynomials (which do not depend on n)
of degrees less than or equal to 2, 1 and 0, respectively (see [DG1, G, GPT3|). Two main
methods have been developed in the last five years to produce such examples: solving an
appropriate set of differential equations (see [D2, DG1, DG4, DdI]) or coming from the
study of matrix valued spherical functions (see [GPT1, GPT4, PT]). In the case of matrix
orthogonality, these families of orthogonal matrix polynomials are likely to play the role of
the classical families of Hermite, Laguerre and Jacobi in the case of scalar orthogonality. The
complexity of the matrix world however proved to be much richer compared to the scalar
case (see, for instance, the papers cited above).

We point out here that, if the eigenvalues I';, are Hermitian, then the second order differ-
ential equation (1.1) for the orthonormal polynomials (P, ), is equivalent to the symmetry of
the second order differential operator

2 1 0 d
(1.2) D = 0°F»(t) + 0" Fi(t) + 0 Fo, 8:%,
with respect to the weight matrix W (see [D1]). The symmetry of D with respect to W is
defined as

(1.3) / (PD)dWQ* = / PdW (QD)*,

for any matrix polynomials P and (). Here and in the rest of the paper we will follow the
notation in [GT] for right-hand side differential operators. In particular, if P is a matrix
polynomial and D a differential operator as (1.2), by PD we mean

PD = P"(t)Fy(t) + P'(t)Fi(t) + P(t) Fp.

As more families of orthogonal matrix polynomials satisfying second order differential
equations become available many new interesting phenomena are being discovered, which are
absent in the well known scalar theory.

One of such phenomena is the fact that the elements of a family of orthogonal matrix
polynomials (P,), can be common eigenfunctions of several linearly independent second
order differential operators (while in the scalar case the symmetric second order differential
operator is unique up to multiplicative and additive constants). The first illustrations of this
phenomenon have been recently found by F. A. Griinbaum and M. M. Castro [CG2] and
other authors contributed more later. Some of the examples arise from group representation
theory. For instance, [GPT1] discusses two second order differential operators acting on
matrix spherical functions which were later put in the framework of orthogonal polynomials
in [GPT2, GPT4, PT, PR]; see also [GdI]. Other examples were found by integrating an
appropriate set of differential equations (see [D2, DdI, DL]). See also [CG1], where the



authors take up the issue of existence of orthogonal matrix polynomials which are common
eigenfunctions of differential operators of order one.

As a consequence of this phenomenon the algebra of differential operators associated with
a fixed weight matrix W is receiving a lot of attention. This algebra D(W) is defined as
follows: given a fixed sequence of orthogonal polynomials (P,), with respect to W (the
monic sequence, for instance), D(W) is formed by all differential operators

(1.4) D= 0F(t), 0=—, k>0

where Fj(t),i = 0,...,k are matrix polynomials of deg(F;) < i, for which P,D = I',P,,
n > 0. For the classical families of the scalar case every differential operator having one of
the families as eigenfunctions has to be a polynomial in the corresponding symmetric second
order differential operator (see [M]). Hence the associated algebra is isomorphic to CJ[t].
The examples of weight matrices having several linearly independent symmetric second order
differential operators show that in the matrix case the problem of characterizing the algebra
D(W) is going to be a rather more difficult problem. In [CG2, GdI, DdI] some conjectures have
been made about the structure of the algebra D(W) for some concrete examples. Based on
computational evidence these conjectures show that we can expect a big variety of situations
in the matrix case. To the best of our knowledge, only one of those conjectures has been
proved for the weight matrix (1.6) (see [CG2|, Sect. 6, for the conjecture and [T] for the
proof).

The purpose of this paper is to show what one can call the dual situation to that described
in the previous paragraph. For a fixed differential operator D of the form (1.4), we define a
set of weight matrices

(1.5) Y (D) = {W : D is symmetric with respect to W},

where the symmetry of D is defined again by (1.3).

Note that if T(D) # 0 then it is a convex cone: if Wi, Wy € YT(D) and v,¢ > 0 (one of
them non null), then yW; 4+ (W € T(D).

The weight matrices W going along with a symmetric second order differential operator
D mentioned at the beginning of this paper provide examples where T(D) # (). In these
examples Y (D) contains at least a half line: v, v > 0. In this paper we show the first
examples of operators D for which Y(D) is a two dimensional convex cone. That is, we
show examples of a fixed second order differential operator D as (1.2) for which there exist
two weight matrices Wy and Wy, Wy # aW, for any a > 0, such that D is symmetric with
respect to any of the weight matrices YW1 + (Wa, v, > 0. That means, in particular, that
the corresponding monic matrix polynomials (P, ¢/, )n orthogonal with respect to YW1 +(Ws
(they only depend on Wy, W5 and the ratio (/v) are eigenfunctions of D

Pn’c/’YD :FnPTMC/V’ n:07 1""7 'Y> O) C Z 07

where D and I';, do not depend on +, (.



We give a simple but fruitful method to find such examples (Section 2) and show a
collection of instructive examples (Section 3).

Our method itself is a surprise if one compares it with the situation in the scalar case.
We first take a weight matrix W which has several linearly independent symmetric second
order differential operators. And then we add a Dirac distribution d;, M (¢o) to W, where the
real number ¢y and the mass M (tp) (a Hermitian positive semidefinite matrix) are carefully
chosen. We show in Section 2 that for a fixed ¢y and under certain mild conditions, we
can produce a positive semidefinite matrix M (ty) and a second order differential operator
D symmetric with respect to W, such that D is also symmetric with respect to any weight
matrix of the form yW + (&, M(t9), v > 0,¢ > 0. In Section 3 we illustrate with some
examples that the choice of the point ¢y where the Dirac distribution is located depends more
on the matrices Fy(tg), Fi(tp) and Fp than on the support of W. We also characterize for
some of these examples the convex cone (1.5).

The situation is quite different from the scalar case. When a mass point is added to
any of the classical weights of Hermite, Laguerre and Jacobi, the existence of a symmetric
second order differential operator automatically disappears. Only when tg is taken at the
endpoints of the support one eventually gets the symmetry of a fourth (or even larger) order
differential operator which is not symmetric with respect to the original weight. This arises
for the particular cases of the Laguerre weight ¢! in (0, 4+o00), for the Legendre weight 1 in
(—1,1) and for the special case of the Jacobi weight (1 — ¢)* in (0,1), raising the so called
Laguerre type weight e~ 4+ Mdg, Legendre type weight 1 + M(J_1 + 1) and Jacobi type
weight (1 —¢)* + Mo, respectively (see [LK], or [GH] where these and some other examples
are obtained by applying the Darboux process).

We would like to conclude this Introduction by displaying one of our examples. Consider
the weight matrix

242
(1.6) Wa(t) = e (1 +aittat

at 1), teR, aeR\{0}.

The linear space of differential operators of order at most two having the orthogonal poly-
nomials with respect to W, as eigenfunctions has dimension five. A basis is formed by the
identity and four linearly independent operators of order two (see Section 6 of [CG2]). We

show in Section 3.1 that the weight matrices Wy ¢ = vW, + (do <1 i), v > 0,¢ =0, share

the following symmetric second order differential operator:

2 + a?
Doz (l—at —1+ a?t? gt (—20—2t 2a + 2(2 + a®)t o0 -1 2—3
o= 0 tva )T 0 2t Tl
2
a

Moreover, we prove that

T(D,) = {’YWaJrCfSo G i) :7>0,C>0}.



As we pointed out above, this means that each monic family (P, ¢/q)n, v > 0,{ > 0,
orthogonal with respect to W, - ¢ satisfies the same second order differential equation, namely

Pn,a,{/'yDa = Fn,aPn7a7g/7, n = 0, 1, RN

where ) )
2 2 1
—@n+1) (2 4+ na?)( —;—(n%— a?)
Tpo = A a
a

Notice that neither D, nor I';, , depend on ~, C.

We will also see in Section 3.1 that the point ¢y where the discrete mass is added can be
located at any real number. There always exists a Hermitian positive semidefinite matrix
M (tp) such that the weight matrices YW, + ¢y, M (to), v > 0,{ > 0, share a common
symmetric second order differential operator (see (3.3)).

2 The main result

Presented in this section is a set of constraints to guarantee the symmetry of a differential
operator of any order with respect to a weight matrix modified by adding a Dirac distribution
at an arbitrary point. Before that we need some definitions and previous results.

We call an N x N matrix of measures W (supported in the real line) a weight matrix if
it satisfies the following: the numerical matrix W({2) is positive semidefinite for any Borel
set Q; the integral p,, = [¢"dW (¢) (called the n-th moment of W) exists and is finite for
any n € N; and [ P(t)dW (t) P*(t) is nonsingular if the leading coefficient of the matrix
polynomial P is nonsingular.

A Hermitian sesquilinear form in the linear space of matrix polynomials can be associated
with a weight matrix W:

(P,Q) = / P(t) dW (1) Q" (1),

where Q*(t) denotes the conjugate transpose of Q(t).

We can now produce a sequence of orthogonal matrix polynomials (P,), with deg P, =n
and nonsingular leading coefficient such that (P,, P,) = Ay, 0y, with A, positive definite. If
A,, = I we say that the sequence (P,),, is orthonormal (for a much more complete introduction
to matrix orthogonality, see [DG3] and references therein).

If one is considering possible applications of orthogonal matrix polynomials, it is natural
to concentrate on the cases where some additional property holds. For instance, in [D1]
one of the authors raised a problem of characterizing weight matrices whose orthonormal
matrix polynomials are common eigenfunctions of some symmetric right-hand side second
order differential operator D as (1.2) with Hermitian eigenvalues. We say that a differential
operator D is symmetric with respect to a weight matrix W if

(PD,Q) = (P,QD)



for any pair of matrix polynomials P and @). Recall that we are following the notation in
[GT] for right-hand side differential operators. We already mentioned in the Introduction
that in the last few years a large class of families of weight matrices W has been found
having symmetric second order differential operators as (1.2).

The condition of symmetry for the pair made up of a weight matrix W and a differential
operator Dy of order k can be established in terms of a set of difference and differential
equations relating W and the coefficients of Dy. Indeed, if we write the right-hand side
differential operator Dy, of order k as

k
» d
2.1 Dy = tF = —
( ) k Z 0 l(t)a 0 dt’
i=0
where Fj(t),i =0, ...,k are matrix polynomials of degree less than or equal to i,

7
Fi(t) = thF}, Fle CN*N,
§=0

and denote by u,, n = 0,1,..., the moments of the weight matrix W, then we have the
following:

Theorem 2.1. For a weight matriz W the following two conditions are equivalent:

1. The operator Dy, is symmetric with respect to W.

2. Forn > 1, the following k 4+ 1 sets of moment equations hold

k—l1 .
(2.2 > (") o B = B =0k

=0

where

l
Bl =Y Fl i, 1=0,...k
=0

Moreover, suppose the weight matriz W = W (t)dt has a smooth density W (t) with respect to
the Lebesgue measure which satisfies the boundary conditions that

p—1 E—i )
(2.3) (—1)k—itp=1 < l Z) (Fo - W) p=1,. K, 1=0,....k—p,

i=0
should have vanishing limits at each of the endpoints of the support of W, and the following
k + 1 matriz differential equations hold

k—I
k—i (kK —1 (k—i—1) «
(2.4) Z;(—l) ( ; (Fy—i - W) =W -F', 1=0,...,k

Then the differential operator Dy (defined in (2.1)) is symmetric with respect to the weight
matric W.



(In (2.2) we are using the notation for the falling or bounded factorial (z), defined by
(¥)p=2(x—1)---(x—n+1) for n>0, (x)g=1.)

Proof. The first and second parts are shown to be equivalent in Proposition 4 in [DdI].
Likewise, the last part can be found in Theorem 5 in [DdI].
[

Two advantages of the moment equations (2.2) are that they are equivalent to the symme-
try of Dy and that there are no additional assumptions on the weight matrix W (in particular,
neither smoothness nor boundary conditions are required). However, even if one can solve
these moment equations it can be very difficult to recover the weight matrix W from its
moments. Besides that the moment equations turn out to become a suitable tool in all the
examples throughout this paper since those equations are going to be the key to characterize
the convex cone Y (D) associated with some of the differential operators D considered in the
next section. The moment and symmetry equations for differential operators of order two
appeared for the first time in [D1] when FoWW = WE{ and later in [DG1] (see also [GPT3]
in the case of the symmetry equations). As we remarked in the Introduction, most of the
examples which appeared in the last years have been obtained solving these equations, while
some others came from group representation theory.

We now present a result that will be used to generate examples of second order differential
operators having infinitely many families of orthogonal matrix polynomials as eigenfunctions.
The idea is to find certain constraints which guarantee the symmetry of a differential operator
with respect to both W and a new weight matrix obtained from W by adding a Dirac
distribution at one point.

Let W be a weight matrix and consider

(2.5) W (t) = W(t) + 6, (1) M (to),

where 0y, (t) = 6(t — to) is the Dirac delta distribution or the “impulse symbol” introduced
by P. A. M. Dirac in [D], which we will consider as a measure. The Hermitian positive
semidefinite matrix M (ty) depends on the point where the Dirac distribution is added.
Weight matrices of the form (2.5) were considered in [YMP1, YMP2] (to study asymptotic
properties of the corresponding modified Jacobi matrix) for W in the Nevai class, i.e., with
convergent recurrence ¢ coefficients.
The moments of W are related with the moments of W by the formula

i, = /t”dW(t) = pn + /t”éto ()M (to)dt = pin +tgM(to), n=0,1,...

Observe that in the special case of {5 = 0 the only modified moment is the first one pg =
o + M(0), and then i, = p, forn =1,2,...

The following theorem gives conditions for the symmetry of a differential operator Dy
with respect to the weight matrices W and W + 6, M (to).



Theorem 2.2. Let Dy, be a differential operator of order k as in (2.1). Let W be a weight
matriz. Assume that associated with the real point tg € R there exists a Hermitian positive
semidefinite matriz M (to) satisfying

(2.6) Fi(to)M(te) =0, j=1,... k,
FoM(to) = M (to) Fy -

Then the operator Dy is symmetric with respect to W if and only if it is symmetric with
respect to W = W + 6, M (to).

Proof. Recalling definitions around (2.2) for W=W+ 9o M (to), we produce

l
BL =" Flifin-i = B+ (3 Fi(to) M(to), 1=0,....k.
1=0

Using conditions (2.6) for j = 1,..., k, we obtain

BY = BY+ 1 FyM(ty), BL=B., 1=1,... k

Consequently, this shows that equations (2.2), 1 =1,...,k, are just the same for W and w.
For [ = 0, equations (2.2) for W and W are, respectively:

S
—_

(Mi—iBy " + By = (By)",

@
I
=)

N
—_

(n)r_iBE=" + B + 0 FyM (to) = (BY)* + ta M (to) Fy.

I
o

The last condition in (2.6) shows again that those equations are the same for W and w.
O

Note that for N =1 (i.e. in the scalar case) Theorem 2.2 implies that either M = 0 or
there exists a common zero for all coefficients of the differential operator. For instance, for
k = 2 there is no such a common zero for the classical families of Hermite, Laguerre and
Jacobi.

For a weight matrix W the constraints (2.6) mean that by adding a Dirac distribution to
W the chances of W and W + d;, M (to) sharing a symmetric differential operator of order k
increase with the number of linearly independent symmetric differential operators of order k
for W. In fact, all the examples we show in the next section are built from a weight matrix
W having several linearly independent second order differential operators.

Let us notice that once we generate W, Dy, to and M (t() satisfying constraints (2.6) of the
theorem above we can produce not only one single weight matrix for which Dy, is symmetric,
but also a two dimensional convex cone of weight matrices for which Dy, is symmetric as well.
If Theorem 2.2 holds for W + §;, M (ty) then automatically also holds for yW + (&, M (o)



where v > 0 and ¢ > 0. All the examples of weight matrices in Y (Dy) which we show in
this paper differ (up to a multiplicative constant) in a Dirac distribution. We think that this
is by no means a general result, and are confident that other different situations may occur
(such as the existence of differential operators Dy, for which Y (Dy) contains a two parametric
family of weight matrices absolutely continuous with respect to the Lebesgue measure).

We will characterize the convex cone Y (D) for some of the examples in the next section.
To do that we will need the following result (which it is interesting in its own right). Consider
the Fourier transform F (W) of a weight matrix W defined by

FOV)(x) = / ST (L), e R.
R
Lemma 2.1. Assume that the weight matrix W has moments (pn)n satisfying

2m

(2m)!

where Tr(X) stands for the trace of the matrix X. Then there exists an analytic function ®

in the strip {z € C:|Jz| < R} such that ®(z) = F(W)(x), x € R.

(2.7) lim Tr(p2m,) =0, forall 0<r<R, R>0,

Proof. For any positive semidefinite matrix X it is straightforward that 0 < X < Tr(X)I
(where < stands for the usual positive semidefinite ordering). Using the Cauchy-Schwarz
inequality we have that

uX o] < [uX2XY20| < (uXu) 20X ") < lulllo] Tr(X),

for any vectors u,v € CV (where ||ul| = vuu*).
For a weight matrix W (Tr(W) is a positive measure), the previous inequality gives

(2.8) [uW o™ < lull[Jo] Te(W),

for any vectors u,v € CV.
The Fourier transform F (W) of a weight matrix W is a C* function in R and

(2.9) FW)™(z) = /R (it)"e™@dW(t), zeR, neN,

Fixing a number a € R, the Lagrange remainder for the Taylor formula gives for each
z € R and k£ > 0 a real number y, , for which

k—1

FW)(x) =>_ FW)™(a)

n=0

(x —a)"

(z —a)*
n! '

+ FV) P ()=

Assume that we have proved that for all z € R, |z —a| < R,

(z —a)f

v

(2.10) lim 7 (W)™ (i )



The power series

- (z —a)"

> FW) W (a) =
n!

n=0
defines an analytic function ®, in {z € C : |z — a| < R} satisfying ®,(z) = F(W)(x),
z € R, |z — a] < R. The Lemma now follows easily by using a standard process of analytic
continuation.

Let us now prove (2.10). This is equivalent to proving that for any vectors u,v € cN
* (.’E — a)k

(2.11) lilgnuf(W)(k)(ykw)v - 0, |z—a|<R.

Using (2.9) and (2.8) we have

uF (W) ®) (g o )v*| = ’/(it)ke“y’“v”udW(t)v*
R

k * k
< /R [ ladW (0] < [lulllo] /R HE T (W) ().

Hence if k£ is even
uF (W) P (g, 0™ < Jlull|Jv]] Te(pr);

and if k£ is odd then

[uF (W)™ (yro)v*| < [0l (Tr(po0) + Te(urs1))-

The limit (2.11) follows now from (2.7).
O

For a fixed differential operator D of the form (1.4), we can associate another set of weight
matrices

X(D)={W:PVD=T,PV, n>0},

where (P),, is the sequence of monic polynomials orthogonal with respect to W.

Note that Y(D) C X(D) and if X(D) # () then it is a cone: if W € X(D) then oW € X(D)
for any a > 0.

In general we have Y(D) # X(D), as the following example shows. Let D be a symmetric
second order differential operator with respect to a certain weight matrix W. As a conse-
quence the monic polynomials orthogonal with respect to W are eigenfunctions for D. It is
clear that D is not symmetric with respect to W but the monic polynomials orthogonal with
respect to W are still eigenfunctions for ¢D. That means that W ¢ Y(iD) but W € X(iD),
and then Y(iD) # X(iD).

We are concerned that some natural questions arise regarding the relationship between
Y (D) and X(D), but they are out of the scope of this paper. We would like to quote the

10



concluding remark in the Introduction of [CG2] because it suits very well with this situation:
“We emphasize something that will be apparent to any reader of this paper: the full picture
of the phenomenon in question is still far from being complete. This paper is an attempt to
describe clearly some of the new problems that one faces in the matrix-valued case, and we
pick a few examples that should give an idea of the richness of the situation at hand”.

3 Examples

In this section we exhibit a collection of instructive examples. The first three examples of
(2 x 2) weight matrices W (supported in (—oo, +00), (0,+00) and (0, 1), respectively) have
the property that they provide four linearly independent symmetric second order differential
operators having a fixed family of orthogonal matrix polynomials with respect to W as
eigenfunctions. We show that for any real number ¢y we can find a positive semidefinite
matrix M (typ) and a symmetric second order differential operator D as in (1.2) satisfying the
constraints (2.6). According to Theorem 2.2, the operator D will be also symmetric with
respect to YW + (o, M (o), v > 0, > 0.

The last example deals with a (N x N) weight matrix W (supported in (0, +00)) with at
least two linearly independent symmetric second order differential operators. In this case we
locate tg at 0, i.e. one of the endpoints of the support of W, with a mass M carefully chosen.

For simplicity, our selection of examples is restricted to the field of real numbers and to
matrices with real entries, but the method we use to find these examples is not restricted to
this case.

More examples appear in the PhD dissertation of one of the authors [dI].

3.1 W,(t) = e PeMe?™ with A= (8 8), a€R\ {0}

This weight matrix was introduced for the first time in Section 5.1 in [DG1] (for arbitrary size
N x N). It was deeply explored in [DG2] and a set of generators of second order differential
operators can be found in Section 6 in [CG2].

By expanding the exponential, we find that

242
(3.1) W,(t) = e VeAleA™ = <1 :‘Z ! af) , teR, aeR\{0}

We need an expression for the (real) linear space of symmetric differential operators of
order at most two with respect to W,. To do that we solve equations (2.4) for k = 2. For
the benefit of the reader, we recall here these equations

RW =WF;,
(3.2) 20RW) = LW + WEY,
(FQW)// — (F1W)I + oW = WFE;

11



We then get an expression for the 5-dimensional (real) linear space of symmetric differential
operators of order at most two with respect to W,. Then, for a fixed real number tq, we solve
the equations (2.6). In this case, we find that the following differential operator

(3.3) Dagy = 0°Fa(t) + 0" Fi(t) + 0" F,
where
Fy(t) = ( §ato +ato —at —1—(a’to)t + a2t2>
2 )
—1 éa to + at
Fl(t) _ < 2a + 25(1 to _2t0 — 2@5(1 o —+ 2(2 + a2)t>
2to 2(52}0 — CLtQ)t ’
to 2+ a?
F _ ga tO + 25 2 a2
0 — 4 to ’
? é.a to a

and the Hermitian positive semidefinite matrix M (o)

2 ok
M(ty) = M(a,ty) = <(§§t: o) gti,a> ’

where

ato £ /4 + a?t3
fa tO - 2 9

satisfy the constraints (2.6).
This differential operator can be obtained as a linear combination of the second order
differential operators introduced in [CG2] (D;, i = 1,2, 3,4), namely

2t 4t 4
Dy = < ato T 0>I EatoD1 — JDQ + — Day.

Using £It0£; 1, T 1 =01t is easy to verify that the coefficients of D, evaluated at tg
satisfy the conditions (2.6). Since Dg ¢, has been chosen to be symmetric with respect to the
weight matrix (3.1), Theorem 2.2 implies that D, 4, is also symmetric with respect to any of
the following weight matrices:

Wa,toy%g(t) = fYWa(t) + C(StO (t)M(aa tO)a Y > 07< > 0.

We now prove that our method provides all the weight matrices in the convex cone
Y(Dg,) defined in (1.5), that is

T(Da,to) = {’VWa(t) + C(Sto (t)M(aatO); v > 0,¢ > 0}'

12



Theorem 2.1 implies that the sequence of moments (i), of each weight matrix U € T(D)
has to satisfy the moment equations (2.2) for k = 2 (to simplify the notation we remove the
dependence on a and ty). These moment equations are

(3.4) Fi pin + Fpn—1 + Fotin—2 = pin(F3)* = pin—1 (F{)* = pa—2(F5)* =0, n>2;

(3.5)
2 — 1) (E3pn + Fottnr + Fptns) + (F i + F 1) + (B + puc1 (F)* =0, n > 1;

and

(3.6)
n(n — 1) (Fpn + Fipin—1 + Fgpin—2) + n(F} i + Fo pin—1) + Fottn, — pn(Fo)* =0, n >0,

where F22, F127 F02, Fll, FO1 and Fy are, respectively, the coefficients of the polynomials F5, Fj
and Fpy. Let us recall that D = 9%F, 4+ 0F, + 0°F,.
From equations (3.4) and (3.5), we get the following expression:

(3.7)
((n = DF} + F)pta + ua((n = VFZ + B = (1= n)F = F) s + (1= n)F? — B)*
(1= ) (Fjtns + pin-a(F2)").

In our example we have that

0 —285,
For a fixed n > 1 the matrices (n — 1)F§ + F} and —((n — 1)F§ + F})* do not share any
eigenvalue. This implies that equation (3.7) defines u,, n > 1, in a unique way given g (see
[Ga], p. 225).

Equation (3.6) for n = 0 implies that 1 has to satisfy

Fopo = po(Fo)™.

It is just a matter of computation to see that the set of solutions ug of the previous equation is
formed by the first moment of the weight matrices W, . = yW +(d;, M, 7, ¢ € R. Hence, each
weight matrix U € Y(D) has, for certain 7, ( € R, the same moments (), as YW + (6, M.
From the expression (3.1) for W, ¢, we deduce that for m =0,1,...,

hom + aZham 0 m
(3.8) fizm =7 ( 2 0 amt2 By ) + Ctg™ M (o),
0 ahom m
(3.9) Hom+1 = <ah2m+2 g “) + Ctg™ T M (ko)

13



where

1 V7 (2m)!
th:F<m+z>:M’ ami1 =0

are the Hermite moments.

Since the moment 1o has to be positive definite and M (¢y) is singular, we deduce that
v > 0.

We now prove that U = yW + (d;, M and consequently ¢ > 0. This can be done using
different approaches. One of them is via Fourier transform and it works as follows.

Equations (3.8) and (3.9) show that for any R > 0,

2m
According to Lemma 2.1, there exists an entire function ® such that ®(z) = F(U)(x), z € R.
From (3.1) the Fourier transform of F (W, ¢) can be computed explicitly ([Le], (4.11.4)):

2 2 2 . '

This shows that F (W, ) is actually an entire function.

From (2.9) one can see that the moments (uy), of a weight matrix W are, up to a
multiplicative constant, the derivatives at 0 of its Fourier transform: p, = F(W)™(0)/i",
n > 0. Since U and W,  have the same moments, we conclude that the corresponding Fourier
transforms have at 0 the same derivatives of any order. That is, the entire functions ¢ and
F(W, ) are equal and then F(W, ¢)(xz) = F(U)(z), z € R. So U = W, ¢, in which case ¢
has to be bigger than or equal to 0 (since U is a weight matrix).

3.2 W,.(t) =tee P8 with B = ((1) g), aeR\ {0}

This weight matrix was introduced for the first time in Section 6.2 in [DG1] (for arbitrary
size N x N) and it was extensively studied in [DL]. Unlike the first example, its algebra of
differential operators has not been studied in depth, but as we mentioned at the beginning
of this section, by solving equations (3.2), one finds that there are four linearly independent
symmetric second order differential operators.

By computing t? for B = <(1) g) we find that

(3.10)

ol o o (P
a,o = =

ot — 1) 1 >, te(0,4), a>-1.

Proceeding as in Section 3.1 for a fixed real number ¢g, we find that the following differ-
ential operator (symmetric with respect to W o)

Da,,oz,to = a2F2(t) + alFl(t) + 80F0,

14



where

(0% a2
Fy(t) = <“i° “ZO) +t (qﬁi - ”(0“2)(” D —(a+ A a2>>
—to —&io a

L (8 (1+ a22)(1 + a)) ’

<—a(3t0 -2+ (a+ 1)2)) <2a<;5i — (1 +a?)(a® + 2ty + 3a))

Fi(t) = [ \+(a + 3)(pF — fotatl) +atg(a? — 1) — (to + a + 3)
to—a—1 ¢ (a +1) — aaty
—¢F +a(to — 1) + 22t (1 4 62)(a? + 3a — toa + 2) + 2(a — 1)
+t o :
0 " +aa

1+a? 14+a2
14 ¢ alto=1)  (a+2)(to+a+l) + a(l4+a)
14a? 2 2

. <_¢2i + a(t();l) + (a+2)(;(;+a+1) _a(l+a) 1+ aad)i _ a(to _ 1)(a2 Lot 2) I 1+a>

2a 14+a?

and the Hermitian positive semidefinite matrix M (¢¢)

+ +
M(to) = M(a,a’to) — <(¢a:i:o¢,to)2 (ba,a,to) :

¢a,a,to 1
where
n n L@+ 1D(to+a)—a®+ 14+ /(a2 +1)(a%(to —a — 1)2 + (to + a + 1)2)
¢ = ¢a7o¢7t0 = 5 a )

satisfy the constraints (2.6).
Thus, Theorem 2.2 implies that D, ¢, is symmetric with respect to any of the following
weight matrices:

WayohtO:'Y:C(t) = nya,Oé(t)X(O,+OO) (t) + C(Sto (t)M(CL, Q, t0)7 te Ru o> _17 Y > 07 C Z 0

Note that the discrete mass on the Delta distribution can be located in or out of the support
of the original weight matrix (3.10).
Our method provides all the weight matrices in the convex cone Y(Dg o.4,), i.€.

Y(Da,ate) = {Wasastom,c(t); v >0, >0}

This can be proved in a similar way as for the previous example. We have that

— ax n — « a2
(n—l)F22+F11:<¢jFO ( 1)_(;I+L(;+ )>,

hence, for a fixed n > 1 again the matrices (n — 1)F3 + F} and —((n — 1)F3 + F})* do not
share any eigenvalue.
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From the expression (3.10) for W, . we deduce that for n =0,1,...

On ala+n)

(3.11) pn =T (n+a+1) <a(a+n) 1

)+ et e
where
O, =a*(®+2n+Da+n*+n+1)+a’+2n+3)a+ (n+1)(n+2),

and that F (W a4,+,¢) is analytic in the cut plane C\ {—iz : z € R,1 < z} (the explicit
expression of F(Wy a.t,+,¢) can be computed easily from [Le], (1.5.1)).
Equation (3.11) shows that for all 0 < r < 1

,r2m

And we can proceed as in the previous example applying Lemma 2.1 in the strip {z € C :
1Sz| < 1}.

3.3 An example supported in (0, 1)

The following weight matrix is a modification of the one introduced in [PT]:

_a K2+B8—k+1  (B—k+1)(1—1t)
W pn(t) =t*(1 —t)? ((ﬁ—k—i—l)(l—t) (ﬁ—k+1)(1—t>2>’ te(0,1),

where o, 3> —1land 0 < k < B+ 1.

The difference between W, g1, and the weight matrix introduced in [PT] (N = 2), is that
W g1 enjoys four linearly independent symmetric second order differential operators while
that in [PT] enjoys only two. The example in [PT] is related to a group-theoretical situation
but this is not the case of our W, g, as far as we know.

As in the previous examples, for a fixed real number ¢y (except for ¢y = —%(a + 06—
k 4+ 2)), no matter if it is located in or out of the support of the weight matrix W, 5, we
find a symmetric second order differential operator D, g, Wwith respect to W, g, and a
Hermitian positive semidefinite matrix M (to) satisfying the constrains (2.6). Hence, this
operator Dy, gk 1, is also symmetric for any of the weight matrices YW, 51X (0,1) + (01, M (t0),
v > 0, > 0. The convex cone Y(Dgqp34,) is formed by those weight matrices. This can
be proved as in the previous examples. Since in this example the weight matrices have
compact support [0, 1] U {¢o}, it follows that the moments (), satisfy Tr(u,) < v Tr(uo) +
Tr(M (t9))|C]|to]™, n > 0. Then by Lemma 2.1 the Fourier transforms are entire functions.

Since the formulas for arbitrary «, 5 and k are very long we show here only one concrete
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example: a =0, f=0and k =1/2:

t(1—1t)(1—to)
+

(1 —t)(—to + t(2to — 3)) + 2t + to — 2tot — tot>
By(t) =
t(1—t)(1—ty) |°
—to(1 —1)? (t—1)(t —to) + (;(iO)
to—1)(4t — 3 Aty — 1
12t—10—|—8t0(1—t)+(0 >E_L ) 9—t—4t0(t+2)+(07i)
it = 7 (to— 1)(4t—1) |
(1—4dto)(t—1) A(t —to) + e
1 —to)(1 4 2p* 1—¢
( o)(i+s0) PR
Fy = 2¢ 2 N
44 Lo to (=o)X +2¢%) [
07 "o 2%
and .
L e
M(to) = ,
= (e )
where

2 — 1o+ /23 — 2tp + 1

to+ 3

We need to impose ty # —3 to avoid singularities in M (o) (to = 1 gives ¢~ (1) = 0, in which
case (1 —tg)/¢~ has to be taken equal to 1 in the entries of Fy, F} and Fp).

¢ (to) =

3.4 An example of arbitrary size

We consider here a weight matrix defined by

(3.12) W (t) =t tedttalia " eAt t e (0,00), a>—1,

where
N N-1

(3.13) J=> (N-i)Ei, A=) vEj, veR\{0}. i=1,... N-L
=1 =1

Here we are using E;; to denote the matrix with entry (7, ) equal to 1 and 0 otherwise.
This weight matrix was introduced for the first time in [DdI]. This example enjoys the
special property of having symmetric odd order differential operators, a phenomenon that is
not possible in the classical scalar theory. For more details, the reader should consult [DdI].
It is proved in [DdI] that (3.12) always has a symmetric second order differential operator
given by
Dy =PI+ 0M(a+ DI+ J +t(A— D]+ [(J +al)A—J],
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where A and J are defined in (3.13). Note that there are N — 1 free parameters in D;.
Assuming the following conditions on the parameters vy, ..., vn_o:

i(N =i =(N-Dv2+(N—i—-1vivi q, i=1,...,N =2,
the weight matrix W has another symmetric second order differential operator
Dy = 82G2(t) + 81G1 (t) + 80G0,

where the coefficients are given by

Ga(t) = t(J — At),
Git)=(14+a) I+ ) J+Y —t(J+ (a+2)A+Y" — AY + Y A),
N-—-1
Go=—5—1[J — (al + J)A],
VN1
AN — )
A and J are defined in (3.13), and Y = Z —— % F;11;. Note that now the only free
Vi
i=1

parameter is vy_1.
Let us define the Hermitian positive semidefinite matrix (and singular) M = v*v , where

v is a row vector N
N—-1 —J
vN_i(a+k
v:E (Il(k)>€j+€]\[,

j=1 k=1
where e; = (0,...,0,1,0,...,0) denotes the j-th unit vector. A simple computation gives
N max{3,j}—1 N—max{3,j} 2
vi(a+ N — k) vN_k(a+ k)
I I
“ - N—k k
3,j=1 * k=min{4,j} k=1

(where for m > n we take [[}_,  =1).

Let D be the following differential operator D = —(N —1)D;+ Ds. As a linear combination
of symmetric operators with respect to the weight matrix (3.12), D is also symmetric with
respect to this weight matrix. The differential coefficients F;(t), i = 0, 1,2, of D are

Fy(t) = t(—(N — 1) + J — At),

N
Fit)=Y =Y (i—1)(a+N—i+1)E;+t(J— (a+N+1)A-Y"),
=1
oo WD) oy
VN-1

Evaluating them at ¢ = 0 and considering the bidiagonal structure of F;(0) and Fy, it is easy
to check that F1(0)v* = 0 and Fyv* = 0. Thus the conditions (2.6) are satisfied (F»(0) = 0).

18



Hence Theorem 2.2 implies that D is symmetric with respect to any of the following weight
matrices:

We illustrate the case of size 2 x 2 (v = a). The weight matrix W, ¢ is

0/2 a a2 [0 2 alx
Woe(t) = et (1L e (T )

while the second order differential operator D is

L0 —at? Ny _(1+a2(a+3))t ) a2 +1 _(1+a2)<a+1)
D=0 <0 _t>+3 1 a +0 a? a
- —(a+1) 0 0
a
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